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INTRODUCTION

The Polish mathematician Stefan Banach [1922] proved a theorem which ensures, under appropriate conditions, the existence and
uniqueness of afixed point. It is well known as a Banach fixed point theorem. This result provides a technique for solving variety
of applied problems in mathematical science and engineering. The existence of afixed point is therefore of paramount importance
in several area of mathematics, physics and chemistry. Jungck et al [2] in 1993 generalized the concept of self mappings to
commutative self mappings. He further introduced the compatible self mappings of type (A). Pant [3] in 1999 introduced and
studied the concept of reciprocal continuous self mappings. In the present paper we shell establish a more generalized common
fixed point theorem using the reciprocally continuous mappings and compatible mappings of type (A).

Preliminaries

The following notions have been used to prove the main theorem.

Definition 2.1: Two self mappings f and g on a metric space (X, d) are said to be commute [2] if fg = df.
Definition 2.2: Two self mappings f and g on a metric space (X, d) are said to be compatible of type (A) [2] if

lim...d(f Gy, 90x_)=0and lim,. d(fgy ,ffy )=0.

Whenever <x,> isasequence in X such that, lim,_,.. fxn =limp. gxn =tfor somet e X.

Definition 2.3: Two self mappings f and g on a metric space (X, d) are said to be reciprocally continuous [3] if Iimn%fgXn =f,

and Iimn_,mgfxn = g.. Whenever <x,> isasequencein X such that, lim,_,.. fxn =limp. gxn =tfor somet e X.

Definition 2.4: If Sand T are two self mappings of a metric space (X, d) satisfying  g(X) < f(X) then the sequence {x,} in X is

called an associated sequence [5] of x, relative to two self mappings f and g if gX2n = fX2n+1 v n>0.

Throughout this paper X represents a metric space over a metric d.
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Comman Fixed Point Theorem
Before proving the main theorem we first prove the following Theorem.
Theorem 3.1: Let f and g are two self mappings of a metric space X satisfying

1 g(X) = f(X).
2. d(9x, Gy) < kmax{ d(fy, fy),d(fx, gy),d(fy, Ox), d(fy, dy), 12 [d(fy, gy)+d(fy, gy)1}, wherek €

[0,1) V X,y e X.
3. X iscomplete metric space.

Then the associated sequence { X} given by < gX0 ,gXl ,gx2 fernens > is convergent to some z € X.

Proof: Suppose f and g are two self mappings of a metric space X and let x, € X and {x,} be an associated sequence of X.
Since Gy, = fX2n+1 and Ox ., = fX2n+2 vnz0s0,

d(gX2n , gXZM) <k max.{d(fx2n , fX2n+1)’ d(fx2n , gX2n+1), d(fX2n+1, 9x,, ). d(szn+1’ngn+1)']/2 [d(fx2n , gX2n+1)
+d(fy, . 9x, -
<kmax{d(fy, . Ox, ) d(fx, . Gx,,) dOx,, + Ox, ) Gy, Oy ) Y2 [d(Fy, o O, ) + Oy,
» Ox,, M}
Since 1/2d(gX2n71, gxzm) <k max.{d(gXZH, 9x,, ) d(gx2n , gX2n+1)} 0,
d(gx2n , gX2n+1) = kmax.{d(gXZH_l, Ox,, ) d(gx2n ’ gx2n+1)’ ]/2 [d(gxzn_l’ gx2n+1)}-

Againk <1sowehave, d(Ox, . Ox, ) <kd(dx, . Ox, ) @)
Similarly we have, d(dy, . Ox, )<kd(x, .. Ox, ) 2
Thesegivesd(Gy,, . Ox,,,,) <K d(Gx,, ,+ Ox,, ,) <
Continuing this processwe get d(Jy , .+ Ox, ) <k d(Jx . Ox,) 4

Sincek < 1 50 k" — 0 as n— o, equation (4) shows that the sequence { an } isaCauchy sequence in X. But X is complete so it
convergesto apoint z € X.

Inasimilar way we can prove that { fXn } is converges to the same point z € X.
Now we prove our main theorem.
Theorem 3.2; Let f and g are two self mappings of a metric space X satisfying
1 g(X) = f(X).
2. d(Gx, 9y) <kmax{ d(fy, fy), d(fy, gy) d(fy, gx). d(fy, 9y), Y2 [d(fx. gy) +d(fy, Ox)I}, wherek

[0,1) V X,y e X.
3. For any x, € X the associated sequence {x,} for X, given by <gX0 ,gx1 ,gx2 peeeens > is convergent to some point z €
X

4. Thepair (f, g) isreciprocally continuous and compatible.

Then f and g have a unique common fixed point z € X.

Proof: For an associated sequence {x,} of X at x, we have gy, fXl » Ox,, fX2n+1 s Oy convergestozasn — o« i.e.
{9x,, } and{ fX2n+1} tendsto z.

Since (f, g) isreciprocally continuous, fX2n+1 -z, gX2n+1_> zasn— cc.

Song2n+l—>fzandng2n+l—>gzasn—>oc @)
Again (f, g) iscompatible so Iimn%d(fgXn ,ggXn )=0and Iimn%d(fgXn ,ffxn )=0.

Thesegivesf Oy, , =90x,,,, ad ng2n+1:ffX2n+1 “
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By(Dand(2wegetfQy, =90y, =fzandgfy =ffy =gz

Now d(gfxzml ' gx2n+1) <k max.{d(ffXZrHl ' fX2n+1)’ CI(ffxznﬂ ' ngZn ), d(fX2n+1 ' gx2n+1)’ d(fX2n+1 ' gf)(2n+1)’ ]/2 [d(f
fX2n+1 ' gX2n+1) * d(fX2n+1 ' ffX2n+1 -

Letting n — oc we get d(gz, z) < k max. {d(gz, 2), d(gz, 2), d(z, 2), d(z, gz),]/ 2 [d(gz, 2), d(z, 92)]} .

i.e. d(gz, 2) <k d(gz, 2).
Sincek<1sod(gz,z2)=0i.e.gz=2 (3)

Again d(gfxzml ' ggx2n+l) <k max.{d(ffXZrHl ’ fgxzml)’ d(ffxzml ’ ggxzml)’ d(f gx2n+1’ ggxzml)’ d(f gx2n+1’ gf)(2n+1)’

]/2 [d(ffxzml 9 gX2n+1) *d(f 9% 001 gfX2n+1 -

Letting n — oc we get

d(gz, fz) < k max. {d(gz, f2), d(gz, f2), d(fz, fz), d(fz, gz), 1/ 2 [d(gz, f2), d(fz, g2)]} .

i.e. d(gz fz) <k d(gz, f2).

Sincek < 1sod(gz,fz) =0i.e.gz=1z 4
By (3) and (4) wehavegz=fz=2 (5)

Thus z isacommon fixed point of f and g.
Now we prove the unigqueness of z.
For suppose y be another common fixed point of f and gthen fy=gy=y (6)

Then d(z, y) = d(gz, gy) < k max. {d(fz, fy), d(fz, gy), d(fy, ay), d(fy, 92),1/ 2 [d(fz, gy), d(fy, g2)]}.
Using (5) and (6) we get,

d(fz, gy) < k max.{d(z, y), d(z, y), d(y, y), d(y. 2), 1/ 2 [d(z, y), d(y, )]}
i.e. d(z,y) <kd(z,y). Sincek <1, wehaved(z,y) =0i.e.z=Yy.
Thus z is the unique common fixed point of f and g.
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