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INTRODUCTION

In 1922, the Polish mathematician Stefan Banach proved a theorem which ensures, under appropriate conditions, the existence and
uniqueness of a fixed point. His result is called Banachs fixed point theorem. This result provides a technique for solving variety
of applied problems in mathematical science and engineering. In the wide range of mathematical problems the existence of a
solution is equivalent to the existence of a fixed point for a suitable map. The existence of a fixed point is therefore of paramount
importance in several area of mathematics and physics. Many authors like Kannon [2], Reich [3], Chatterjee [4], Fisher [5] and
Yadav [6] have extended, generalized and improved Banach fixed point theorem in different ways. The aim of this paper is to

obtain a fixed point theorem in the form of rational expression.
Throughout this paper the complete metric space (X, d) is denoted by X.

Theorem: Let f be a continuous self mapping defined on a complete metric space X with
d(x, fx)d(y, fy) + d(x, fy)d(y, fx)
d(x, fx) + d(y, fy) + d(x, fy) + d(y, fx)

dix, X)d(y, %) +d(y, f)d(x.fy) - d(x fod(x, fx) +d(x, fr)d (v, f)
’ d(x, fx) + d(y, fy) + d(x, fy) + d(y, fx) ’ d(x, fx)+d(x, x)+d(x, fy)+d(y, fx)

d(fy, fy) <k

d(x, fx)d(x, fy) + d(y, fx)d
(6, B)d(x, £y) + Oy PG DY)y, )+ ey 0]+ kel )+ 4 501+ s i ).
d(x, fx) + d(y, fy) + d(x, fy) + d(y, fx)
V x,y € X, x #Yy and for ki, ky, ks, ky, ks, ke, k7 € [0, 1) with k; + k, + ks + k4 + 4ks + 4ke + 2k; < 2, then f has a unique fixed

point.

Proof: Let x, € X and define a sequence {x,} in X such that f)r: =Xy Vnel.
0

Thus we set X, = X,+1.
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d(xy,f X, )d(X g, T )+d(Xna )d(Xn 1-fxn)
d(Xn,an)+d(Xn 1> fx 1)+d(Xn, xn_1) td(Xp_1,fx,)

d(xnafxn)d(xn—lafxn)"‘d(xn—lafx - )d(xp, Xn—l)
d(xp, Ty, ) +dXqp, Ty, ) +d(xg, fx ) +d(X g1, Tk )
[, [ )G S )
3

d(x,, f.,)+d(x,, f.,)+d(x,, [, )+d(x,,f.,)

d(Xn,an)d(Xn,an_l)+d(Xn_1,an)d(Xn_1,fX n—l)

ky +ks[d(xp, fx0) + d(Xne1, £Xn.1)] + ke [d(Xn, TX41)

d(xp, Ty, ) +d(Xq_p, Ty, ) +d(xp, Ty ) +d(X g1, Tk )
+ d(Xn-la an)] + k7 d(Xna Xn-l)'

Now d(Xq+1 aXn):d(an, Xp.1)

d(xn’xnﬂ)d(xn—l’xn)+d(xn’xn)d(xn—l’xn+l)
d(Xp,Xpe1) +d(X g, X)) +d(X g, Xp) +d(X 1, X pyp)
d(x,Xp41)d(X o1, Xng1) +d(X g, X )d (X, Xy )
T 0 X))+ A0 X)) + (X X))+ A1 X 1)
d(x,,x,.)d(x,,x,,)+d(x,,x,)dx,,X,,)
D (0 2,) + (3,6, +d (3, x,) (3, x,)

Or d(Xn+1, Xn) < kg

+s

n+1 n+1

d(xnaXn—i—l)d(XnaXn)"'d(Xn—l=Xn+1)d(xn—laxn)

d(X,, X)) Fd(X o1, X)) +d(X X)) +d(X g1 X ne1)
ké[d(xna Xn) + d(xn-la Xn+l)] + k7 d(Xn, Xn-l)'

+ kS[d(Xna Xn+l) + d(xn»la Xn)] +

d(Xp,Xp41)d(X -1, Xp) Tk d(xp, Xp1)d(Xp_1,Xpy1)
d(Xn—l > Xn)+d(xn—19 Xn) d(Xn—bXn—i—l) + d(Xn—19Xn+l)

ie. d(Xn+1, Xn) < k]

d(Xxp,Xp41)d(X g, Xp41) d(Xp—1,Xp41)d(X -1, Xy )

+ k4 + kS [d(xna Xn+l) + d(xn-ls Xn)] + k6 d(xn-ls Xn+l) + k7

3
d(xp,Xp4) +d(Xp,Xp41) d(Xp_1>Xp41) +d(Xp_1,Xp)
d(Xp, Xp.1)-

1 ko k3 ky
< 7 d(Xna Xnﬂ) + 7 d(xn P XnJrl) + 7 d(xn ) XnJrl) +7 d(Xn-l 5 Xn) + kS [d(Xn, Xn+1) + d(xn-la Xn)] + k6 d(xn-ls Xn+1) + k7

d(xna Xp-1 )

| Ky Kk, k, ki
ie. d(Xqr1, Xp) < d(Xp1 5 Xp) [7* ks + ke + k7] + d(Xpr1, Xn) [7 + 7 + 7 + ks + kg].

_ ki ko K kg
Le. dXpep, Xp) [1 = (—— + —— + —= +ks+ ko)] <d(Xp1, %) [—— + ks + ke + k7]
2 2 2
k
=4 + k5 + k6 + k7
Le. d(Xn+1: Xn) < 1 ] ﬁ j kiz - k73 j k j k d(xn-l s Xn)-
2 2 2 07
n
—+ks+kg +k7
Continuing this process we get d(X,1, Xp) < kl k2 k3 d(x, x1).
- L_F2 33 ko kg
2 2 2
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< kn d(X() . Xl).

k
“4 4 ks +kg + k7
Where k = 2

k k k
e TR
2 2 2
Now for m > n,
d(xna Xm) < d(xn > Xn+l) + d(XH‘H H Xn+2) --------- d(Xm_l > Xm)'
SO (R ' — k™) d(xo, X))

n

Since k; + k, + k; + ky + 4ks + 4kg + 2k; < 2. So d(X,, Xp) £ d(x¢, X1)

i.e. d(X,, Xp) — oc as n — oc,

So {x,} is a Cauchy sequence in X. Since X is complete so there exist a point X € X such that x, - x as n — oc.
Again continuity of f gives f(x) = f(lim, _,. X,) = lim, _,.. fx, = lim, _,,. X,+1 = X.

Thus f(x) =xi. e. x is a fixed point of f in X.

Now we show that x is unique. For suppose y be other fixed point such that T(y) =,

A0, £y (. fy) + 40 Ay F)
d(x,fy) +d(y, fy) +d(x, fy) +d(y,fy)

Then d(x,y) =d(f; 1)) <k

ety ) +d@y fy)deGty) - d (e f)d G f) +d G 1), )
d(x,fy) +d(y ) A, Fy) Hd(v.Ey)  d(xf)+d(x ) +d(x, f,) +d (. f,)

L A0 fOdOTy) + O B )
d(x, ) +d(y, fy) +d(x, £y ) + Ay, £y )
+k7d(x, y).

+ks[d(x, ) + d(y, fy)] + ke [d(x, ) + d(y, £)]

4G, x)d(y, y) +d(x, y)d(y, x)
~d(xx) +d(y,y) +d(x,y) +d(y, x)

i d(x,x)d(y, x) + d(y, y)d(x,y) e d(x, x)d(x, x) + d(x, y)d(y, x)
d(x,x) +d(y,y) + d(x,y) + d(y, x) d(x,x) +d(y,y) + d(x,y) + d(y, x)

d(x, x)d(x, y) + d(y, x)d(y, y)
d(x,x) +d(y,y) + d(x,y) + d(y, x)

+ k7 d(X, y}

+ks[d(x, x) + d(y, y)] + ke [d(x, y) + d(y, x)]

d(x, y)d(y, x) » d(x, y)d(y, x)
2d(y, x) T 2d(y, x)

1 + 2k6 d(X7 Y) + k7 d(X, Y)

k
Then d(x,y)< k%d(w) + 73d(x, y) + 2ked(x, y) + ky d(x, y).

ki k
SOd@QOS[7%+"éi+2k6+k7]M&y)

Which is a contradiction, because k; + k, + k3 + k4 + 4ks + 4kg + 2k < 2.
Thus d(x, y) =0 i. e. x =y. Hence x is the unique fixed point of f.

Remark
1. Ifk; =k, =k;= k4 = ks = k¢ = 0 then the theorem reduce to Banach [1].
2. Ifk; =k, =k;= k4 = ks = k¢ = k; = 0 then the theorem reduce to Kkannan [2].
3. Ifk; =k, =k;=k4 =0 then the theorem reduce to Reich [3].
4. Ifk; =k, =k;=k4 =ks =0 then the theorem reduce to Chatterjee [4].
5. Ifk; =k, =ks;=k4 = ks = 0 then the theorem reduce to Fisher [5].
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6. Ifk;= 0 then the theorem reduce to Yadav [6].
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