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In this paper, we investigate several characterizations of Intuitionistic fuzzy Volterra spaces.
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1. Introduction

The fuzzy concept has invaded almost all branches of
mathematics ever since the introduction of fuzzy set by L.A.
Zadeh [16]. The theory of fuzzy topological spaces was
introduced and developed by C.L. Chang [6]. The idea of
Intuitionistic fuzzy set was first published by K.T. Atanassov
[1]. Later, this concept was generalised to Intuitionistic L-
fuzzy set by Atanassov and Stoneva. The concept of volterra
spaces have been studied extensively in classical topology in
[81, [9], and [12]. The concept of fuzzy Volterra space was
introduced and studied by Thangaraj and Soundararajan [15].
The concept of Intuitionistic fuzzy Volterra spaces was
introduced and studied by Soundararajan, Rizwan and Syed
Tahir Hussainy[13]. In this paper, we discuss several
characterizations of Intuitionistic fuzzy Volterra spaces.
Intuitionistic fuzzy P -spaces and Intuitionistic fuzzy

strongly irresolvable spaces are considered for this work.

2 Preliminaries

Definition 2.1 [3]: Let X bea non-empty set. An
Intuitionistic Fuzzy Set (IFS) A in X is defined as an
object of the form A= {(x, 1,(x),v,(x)): x € X}, where
4,(x): X —>[0,1] and v (x): X —[0,1] denote the
membership and non-membership functions of A
respectively, and 0< g, (x)+v,(x) <1, foreach , ¢ x.
Definition 2.2 [3]:Let A and B be two IFSs of the non-
{(x, 1, (x),v,(x)) : x € X},
{145 (), () s x € X

empty set X such that 4
B

We define the following basic operations on A and B.

(i) ACB iff y,(x) < py(x) and v,(x) > v,(x), Vxe X

(i) ADBiff 1,(x)> uy(x) and v ,(x) <vy(x),Vx e X
(i) 4 - 5 iff 2,(x)= py(x) and v,(x) = v,(x),Vx e X
(V) AUB={(x, 1, () V 4y (x), v, (1) AV, () s x € X}
(V) ANB={x, 1,(x) A pt(x), v,(X) v v(x))  x € X}
(V) A= {(x, v, (x0), 4, (x)) 1 x € X3

Definition 2.3[7]: An Intuitionistic fuzzy topology (IFT) on
x is a family 7 of IFSs in x satisfying the following
axioms.

()01 eT

(iGN G, €T, forany G,,G, €T

(iii) U G; €T for any family {% E]} cT

In this case, the pair (X,7) is called an Intuitionistic fuzzy

topological space (IFTS) and any IFS in 7 is known as
Intuitionistic fuzzy open set (IFOS) in x

The complement A° of an IFOS A in an IFTS (X,T) is
called an Intuitionistic fuzzy colsed set (IFCS) in X.

Definition 2.4[7]: Let (X,T) be an IFTS and A=(X,x,,v,)

be an IFS in yx . Then the Intuitionistic fuzzy interior and an
Intuitionistic fuzzy closure are defined by

inf(A) =UAG/Gis an IFOSin X and G C A},
cl(4) =n{KIK isan IFCSin X and AC K},
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Theorem 2.5[7]: Let (X,7) be any Intuitionistic fuzzy
topological space. Let A be an IFS in (X,T). Then

(i) 1-IFcl(A)
(ii) 1-IFint(A)

= IFin(1- A),
= IFcl(1- A).

Definition 2.6[10]: An Intuitionistic Fuzzy set A in an
space(X,T) is called
Intuitionistic fuzzy dense if there exists no Intuitionistic fuzzy
closed set B in (X,T) such that AcBcl.

Intuitionistic fuzzy topological

3. More on Intuitionistic Fuzzy Volterra Spaces

Definition 3.1[13]:
Intuitionistic fuzzy topological space (X,7T) is called an

An Intuitionistic fuzzy set A in an

Intuitionistic fuzzy G, set in (X,7T) if A:n:A7. where
A €T, Vi

Definition 3.2[13]: An Intuitionistic fuzzy set A in an
Intuitionistic fuzzy topological space (X,T) is called an

Intuitionistic fuzzy F; set in (X,T) if A:Lj;Ai where
1— 4, eT,Vi.

Lemma 3.3[13]: A is an Intuitionistic fuzzy G(; set in an
Intuitionistic fuzzy topological space (X,T) if and only if

1— A an Intuitionistic fuzzy Ef setin (X,T)

Definition 3.4[13]:
topological space. Then (X,7) is called an Intuitionistic

Let (X,T) be an Intuitionistic fuzzy

fuzzy Volterra space, if [Fcl ((TZIA,.)ZI, where A, ’s are
Intuitionistic fuzzy dense and Intuitionistic fuzzy G5 sets in
X.7).

Proposition 3.5: If A:rT:IA,., where 147 ’s are Intuitionistic

fuzzy dense and Intuitionistic fuzzy Gg sets in an

Intuitionistic fuzzy Volterra space (X,T) then A is not an

Intuitionistic fuzzy closed set.

Proof: Let A:ﬂzlAp where A,~’s are Intuitionistic fuzzy

dense and Intuitionistic fuzzy G(; sets in (X,T) Since

(X,T) is an Intuitionistic fuzzy Volterra space, we have

IFc(rTLAi)zl. That is, IFc(A)=1. This implies that

IFcl(A)# A. Hence, A is not an Intuitionistic fuzzy
closed setin (X,T).

Definition 3.6[14]: An Intuitionistic fuzzy set A in an
Intuitionistic fuzzy topological space (X,T) is called an

Intuitionistic fuzzy nowhere dense set, if there exists no
Intuitionistic fuzzy open set U in (X,T) UcIFcls such
that That is, IFintIFcl(4)=0.

Proposition 3.7: If A is an Intuitionistic fuzzy nowhere
dense set in [FTSX,T), then | - 4 is an Intuitionistic fuzzy

dense set in (X,T)

Proof: Let A be an Intuitionistic fuzzy nowhere dense set in
(X,T), then [Find{IFcl(A)}=0. That is, 1—IFinf{IFcl(A)}=1.
That is,

IFcl{IFint(1— A)}=1. That is, IFcl(1- A)=1. Hence, | - 4

is an Intuitionistic fuzzy dense set in (X, 7))

Proposition 3.8: Let (X,7) be an Intuitionistic fuzzy

topological space. An IFS A is an Intuitionistic fuzzy dense
and Intuitionistic fuzzy open setin (X,7), then - 4 isan

Intuitionistic fuzzy nowhere dense set in (X, 7).

Proof: Since, A is an Intuitionistic fuzzy dense set in (X, T)

, we have [Fcl(4)=1. Also, since A is an Intuitionistic

fuzzy open set, we have [Fint(A)= A. Now,

IFintIFcl(1- A) 1-IFclIFintA
1-1FclA
1-1

= 0

Hence, 1— A is an Intuitionistic fuzzy nowhere
dense setin (X,7T)

Proposition 3.9: If B:LJ\;BI., where Bi ’s are Intuitionistic

fuzzy nowhere dense and Intuitionistic fuzzy P; sets in an

Intuitionistic fuzzy Volterra space (X,T), then B isnotan

Intuitionistic fuzzy open set in (X,T).

Proof: Let B:LJ:BP where Bi’s are Intuitionistic fuzzy

dense and Intuitionistic fuzzy F; sets in an Intuitionistic

fuzzy Volterra space (X,T). Then
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N

1—3:1—UB[:(N)(1—B[).
i=1

i=1

Since, B, ’s are Intuitionistic fuzzy nowhere dense sets, by the

theorem, (1-B)’s are Intuitionistic fuzzy dense sets. Also,

Bi ’s are Intuitionistic fuzzy P; sets, (1- BI_)’s are

Intuitionistic fuzzy G; sets. By the proposition [3.5], 1 — B

is not an Intuitionistic fuzzy closed set in (X,7"). Hence, B

is not an Intuitionistic fuzzy open set in (X,7).

Proposition 3.10: In an IFTS (X,T), an Intuitionistic fuzzy

set A is Intuitionistic fuzzy O -nowhere dense if and only if

1 — A is Intuitionistic fuzzy dense and Intuitionistic fuzzy

Gg set.

Proposition 3.11: In the Intuitionistic fuzzy O -nowhere

dense sets 14,~’s are Intuitionistic fuzzy closed sets in an

Intuitionistic ~ fuzzy  Volterra  space  (X,7)  then

0

IFclIF inth 1A}: 1.

Proof: The sets 147 ’s are Intuitionistic fuzzy O -nowhere
dense sets in (X,7T). Hence 1_14, ’s are Intuitionistic fuzzy

dense and Intuitionistic fuzzy G(g—sets in (X,T). Since

(X,T), is Intuitionistic = fuzzy  Volterra  space,
IFclml(l— Ai)}= 1. Also, given that Intuitionistic fuzzy O -
nowhere dense sets are Intuitionistic fuzzy closed sets in

(X,T). Therefore, 147 ’s are Intuitionistic fuzzy closed sets in

(X,T). That is, l_Az ’s are Intuitionistic fuzzy open sets in

(X,T). Hence, ﬂzl(l — A) is an Intuitionistic fuzzy open

set in X.,7). This
[Fint _:1(1—4)}:(1:(1—4)-

IFcllFint e —A,.)}= IFCIHI(I— A,)}= 1.

implies that,

Hence,

Proposition 3.12: If A, ’s are the Intuitionistic fuzzy O -

nowhere dense sets in an Intuitionistic fuzzy Volterra space

(X,T), then IFintulA. }= 0.

Proof: The sets 147 ’s are Intuitionistic fuzzy O -nowhere
dense sets in (X,7). This gives 1—14,~’s are Intuitionistic

fuzzy dense and Intuitionistic fuzzy Gg-sets in (X,T). Since
(X, T)

IFclml(l—Ai)}:L That s, l—IFclml(l—Ai)}ZO.
Hence, [F "”’UN:A- }: 0.

is Intuitionistic fuzzy Volterra space, therefore,

Proposition 3.13: If 147 ’s (1 =1 to N) are the Intuitionistic

fuzzy nowhere dense and Intuitionistic fuzzy F; sets in an

Intuitionistic ~ fuzzy  Volterra (X,T), then

IF i”tu14 }= 0.

Proof: The sets A, ’s are Intuitionistic fuzzy nowhere dense

space

F; sets. Therefore, A,~’s are

nowhere dense sets. That is,
IFintAc IFint [FclA=0. Therefore,

and Intuitionistic fuzzy

Intuitionistic ~ fuzzy
IFintIF cl4,=0. But,

IF intA = 0. Hence, 147 ’s are Intuitionistic fuzzy P;. sets

with IFint41=0. Therefore, A,’s are Intuitionistic fuzzy
O -nowhere dense sets in an Intuitionistic fuzzy Volterra

space (X,T). Hence, by proposition [3.12], IF"”fUN:A }z 0.

Definition 3.14[10]: An Intuitionistic fuzzy topological spaces
(X,T) is said to be an Intuitionistic fuzzy strongly

irresolvable space, if [FclIFintA=1, for each Intuitionistic

fuzzy dense set A in (X,T).

[13]

Definition 3.15[13]: Let (X,T) be an Intuitionistic fuzzy

topological space. An Intuitionistic fuzzy set A in (X,T) is

called an Intuitionistic fuzzy O -nowhere dense set in (X,7T)

if A is an Intuitionistic fuzzy F;-set such that [Fint4=0.

Proposition 3.16: If A:LJ;A“ where A, ’s are Intuitionistic

fuzzy O -nowhere dence sets in an Intuitionistic fuzzy

strongly irresolvable space (X,T), then A is an Intuitionistic

fuzzy nowhere dense set in (X, 7).

Proof: Let A=LL1A7., where 147 ’s are Intuitionistic fuzzy O

-nowhere sets in (X,T). Since, (X,T) is an Intuitionistic
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fuzzy Volterra space, by theorem[3.12], IFint(LJilAl.):O.

1-1Find( J' 4)=1.  That i,
IFclml(l—A,)}zl, Since, (X,T) is an Intuitionistic fuzzy

This  implies that,

strongly irresolvable space, IF clml( 1- A,)}: 1, implies that,

IFclIFintml( 1- 147)}: 1.

This implies that,

N
1- IFclIFim{ﬂ(l - A,)} = 0
. i=1
IFimIFcz{UA,} = 0
i=1
IFintlF clA = 0

Hence, A is an Intuitionistic fuzzy nowhere dense set in
(X, 7).
'
oy . . _ — A S
Proposition 3.17: If ]me(Ul_]il(l 4)) 0, where A are
Intuitionistic fuzzy (;5— setsin an IFTS (X,T), then (X,T) is
an Intuitionistic fuzzy volterra space.
' L .
Proof: Let A, S are Intuitionistic fuzzy (;5— sets in an IFTS

(X,T) such that 1Fin,<LJil(1_4)):0

Now, LLIF"”Z(I_A')QIFi”’(LLI(l_“’f))ZO implies that

U;IFint(l—AT)ZO, This implies that [Fins(1 - A4)=0, for

all i=1,2,.,N. This implies that 1-IFint(1— 4)=1. Hence

IFcl(4)=1, i=1.2,...,N. Therefore, 4'5 are Intuitionistic

fuzzy nowhere dense sets in (X,T). IFin{LJil(l—A.)):O
N

implies [fCl(ﬂ A)=1 where 4'S are Intuitionistic fuzzy
i=l

dense and Intuitionistic fuzzy G;- sets in (X,T). Hence,

(X,T) is an Intuitionistic fuzzy volterra space.

Proposition 3.18: If IFcl (] A =1, where A'S are

intuitionistic fuzzy Gg- sets in an IFTS(X, T) then (X, T) is an

intuitionistic fuzzy volterra space.

Proof: IF cl ﬂil,i =1, 4'5‘ are intuitionistic fuzzy G.-
sets in (X, T). Then

1- IFcl(ﬁA,.] =0

i=1

IFint (U(l - A,.)j =0

i=1

Then by proposition 3.16 (X,7) is an intuitionistic fuzzy

volterra space.

Proposition 3.19: If (X, T) is an intuitionistic fuzzy volterra

space then there exists an intuitionistic fuzzy Fé—set Ain (X,

T) such that [F int(A)#0

! L
Proof: Let B:ﬂ:Bi, where B, S are intuitionistic fuzzy

dense and intuitionistic fuzzy Gg-set in (X, T). Since (X, T)

is an intuitionistic fuzzy volterra space, we have

IFcl(B) = chz[ﬁBij =1

i=1
IFcl(B)=1

Now, 1-[Fint(B,) is an intuitionistic fuzzy closed set in (X,
T).

Let A:U’;Aj, where A,'S are intuitionistic fuzzy closed sets
in (X, T) in which the first N intuitionistic fuzzy closed sets be
1 - IF int(B,). Then A is an intuitionistic fuzzy F;— set in (X,
T). Hence

-2 in)) <4

i=1

l—ﬁlF int(B,) < LNJA,.
i=1 i=1
Also,

1-(XB) <1 [ Y i)
i1 i1

N
<4
=l
This implies that,

1-Bc 4

IF int(1- B) C IF inf(A)
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1-1Fcl(B) c IF in{ A)
1-1c IF in(A)

0c IF int(A)

IF inf(A) #0.

Definition 3.20[19]: Let (X, T) be an IFTS then (X, T) is
called an intuitionistic fuzzy P - space if countable intersection
of intuitionistic fuzzy open sets in(X, T) is intuitionistic fuzzy
open.

Proposition 3.21: If the intuitionistic fuzzy topological space
(X, T) is an intuitionistic fuzzy volterra and intuitionistic

fuzzy P - space and if A:m 4. where 4'5 are intuitionistic
fuzzy dense and intuitionistic Gg- sets in X, then [Fcl(A4)=1
but /F int(4)#0.

Proof: Let A:rTi 1‘4"’ where 147 ’s are intuitionistic fuzzy
dense and intuitionistic fuzzy (;5— sets in (X, T). Since (X, T)

is an intuitionistic fuzzy volterra space, we have

IF cl(A) = IFcl(ﬁAij

i-1
implies that [Fcl(A)=1.

As in the proof of proposition 3.19, there exists an

intuitionistic fuzzy Fg- set B in (X, T) such that | —A4ACB.

Since B is an intuitionistic fuzzy Fé— set, 1-B is an
intuitionistic fuzzy Gg- setin (X, T).
Since (X, T) is an intuitionistic fuzzy P - space, the

intuitionistic fuzzy G(g— set (1 - B) is an intuitionistic fuzzy

open set in (X, T).

Therefore, B is an intuitionistic fuzzy closed set in (X, T).
IFcl(B)=B. Now,

IFcl(1— A)c IFcl(B)
1-IFintAc IFcl(B)=B

Hence [Fint A#0.
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