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1. Introduction 
 

Impreciseness in the natural phenomenon 
quantify. To handle this inflexible nature, Lot
developed a theory called fuzzy set theory 
[9], which has its roots in eastern logic. Fuzzy number is a tool 
to represent the vague inflexible notion numerically.
life circumstance with impreciseness is controlled by fuzzy 
control system. Fuzzy control system [1] [8]
three major components such as, fuzzification (
crisp inputs into linguistic fuzzy inputs), fuzzy inference 
system (processing linguistic fuzzy input variables by 
programming with suitable inference rules, typically fuzzy IF
THEN rules) and defuzzification [3] (commonly referr
reverse process of fuzzification). In any imprecise situation, 
human and their subjective judgments (opinions) are more 
complex to process and compute. Fuzzy number evolution 
reduced the complex intricacy that persists while processing 
the human subjective judgments (opinions). Most of the fuzzy 
control system has adopted fuzzy number as a tool to define 
the linguistic input variables. Triangular and trapezoidal fuzzy 
membership functions are the commonly used fuzzy 
membership functions to define the linguistic fuzzy inputs
4]. In this paper, we made an extension on defuzzifying the
linguistic fuzzy inputs defined by pentagonal fuzzy 

membership function. Throughout this paper, we adopt 
notation for representing the fuzzy set, whereas in our 
previous paper [6] we have used ‘~’ below the letter 
 

T. Pathinathan and K. Ponnivalavan [5] introduced pentagonal 
fuzzy number in the year 2014 along with certain 
properties. Also they proposed the generalized 
pentagonal fuzzy number in the year 2015. Th
fuzzy center of pentagonal fuzzy number was developed by T. 
Pathinathan and Rajkumar in the year 2015 
we made a study on traditional defuzzification methods where 
the input variables are pentagonal fuzzy numbers. Also, we 
have analyzed the results obtained from the various traditional 
defuzzification methods with suitable illustrations
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Impreciseness in the natural phenomenon is inflexible to 
dle this inflexible nature, Lotfi A. Zadeh 

called fuzzy set theory in the year 1965 
Fuzzy number is a tool 

to represent the vague inflexible notion numerically. The real 
controlled by fuzzy 

[1] [8] is made up of 
fuzzification (structuring 

), fuzzy inference 
input variables by 

inference rules, typically fuzzy IF-
commonly referred as a 

In any imprecise situation, 
(opinions) are more 

Fuzzy number evolution 
reduced the complex intricacy that persists while processing 

bjective judgments (opinions). Most of the fuzzy 
control system has adopted fuzzy number as a tool to define 
the linguistic input variables. Triangular and trapezoidal fuzzy 

are the commonly used fuzzy 
e linguistic fuzzy inputs [2-

on defuzzifying the 
defined by pentagonal fuzzy 

Throughout this paper, we adopt A
~

notation for representing the fuzzy set, whereas in our 
previous paper [6] we have used ‘~’ below the letter A. 

introduced pentagonal 
fuzzy number in the year 2014 along with certain operational 

proposed the generalized form [6] of the 
pentagonal fuzzy number in the year 2015. The concept of 

pentagonal fuzzy number was developed by T. 
 [7]. In this paper, 

defuzzification methods where 
the input variables are pentagonal fuzzy numbers. Also, we 
have analyzed the results obtained from the various traditional 

with suitable illustrations. The paper 

is organized as follows. Section two pro
preliminaries of pentagonal fuzzy numbers. Section three 
discusses the three defuzzification methods which has 
pentagonal fuzzy number as the input variables. Section four 
gives the conclusion. 
 

2. Basic Definitions 
 

In this section, we provide basic definitions and graphical 
illustrations of pentagonal fuzzy number
some of the concepts like centroid and
pentagonal fuzzy number.     
 

2.1 Fuzzy Set 
 

A Fuzzy set A
~

of X is defined by the following pair as,
 

  XxxxA
A

 /)(,
~

~
 

 

where, x is a element in the universe of discourse 

]1,0[:~ X
A

  is a mapping called the degree of membership 

function and )(~ x
A

  is the membership value of 
 

2.2 Fuzzy Number 
 

A Fuzzy number A
~

 is a fuzzy set on the real line R, must 
satisfy the following conditions.
 

(i) )(~ x
A

 is piecewise continuous

(ii) There exists atleast one x

(iii) A
~

must be normal and convex.
 

2.3 Pentagonal Fuzzy Number
 

A Pentagonal Fuzzy Number 

fuzzy subset of real line R, where a

numbers with 1111 dcba 

the pentagonal fuzzy number with
(height) of the pentagonal fuzzy number with 
the pentagonal fuzzy membership function is 
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is organized as follows. Section two provides the basic 
preliminaries of pentagonal fuzzy numbers. Section three 

defuzzification methods which has 
pentagonal fuzzy number as the input variables. Section four 

basic definitions and graphical 
of pentagonal fuzzy number. Also we present 

the concepts like centroid and fuzzy center for 

is defined by the following pair as, 

is a element in the universe of discourse X, 

is a mapping called the degree of membership 

is the membership value of Xx .  

is a fuzzy set on the real line R, must 
satisfy the following conditions. 

is piecewise continuous. 

R with 1)(~ x
A

 . 

must be normal and convex. 

Pentagonal Fuzzy Number [6] 

A Pentagonal Fuzzy Number  wkedcbaAP ,;,,,,
~

11111 is a 

where a1, b1, c1, d1 and e1 are real 

1e , k be the cut value of 

the pentagonal fuzzy number with 10  k and w be the core 
(height) of the pentagonal fuzzy number with 10  w . Then 
the pentagonal fuzzy membership function is defined as; 
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Figure 1 Pentagonal Fuzzy Number 
 

2.4 Centroid of a pentagonal fuzzy number [6] 
 

The centroid of a pentagonal fuzzy number 

 111111 ,5.0;,,,,
~

wedcbaAP   is defined by the formula, 
 

  






 


18

5
,

9

5
, 11111

00

edcba
yxG                             

(2) 
 

For generalized pentagonal fuzzy number, the centroid is 
given by the formula, 
 

  

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 


18

5
,
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5
, 111111

00

wedcba
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(3) 

 
Figure 2 Centroid of a pentagonal fuzzy number 

 

2.5 Fuzzy center value of a pentagonal fuzzy number [7] 
 

Let  11111 ,,,,
~

edcbaAP  be a pentagonal fuzzy number and 

)(~ x
PA

  be its membership function with c1 is the core 

(maximum membership value) of a pentagonal fuzzy number. 

Then the fuzzy center value for pentagonal fuzzy number PA
~

 

is given by the formula,    
 

 11
1

~
4

1

2
ea

c
F

C
                                

(4) 
 

 
3. Defuzzification Methods for Pentagonal Fuzzy 
Numbers 
 

In this section, we present some of the traditional 
defuzzification methods to process the pentagonal fuzzy 
number inputs and to produce a crisp output. This section 
discusses three common types of traditional defuzzification 
methods, such as; center of gravity method, weighted average 
method and center of sums method. Also, this section 
introduces new defuzzification formulas which incorporate the 
concept of centroid, fuzzy centre value and area of the 
pentagonal fuzzy number to process the linguistic fuzzy 
inputs. 
 
 
 

3.1 Center of Gravity Method 
 

Center of gravity method is one of the widely used traditional 
defuzzification method to defuzzify the fuzzy output into a 
crisp value. The center of gravity method is defined by the 
following formula,     
 
 

dxx

dxxx

x
b

a

C

b

a

C






)(

)(

~

~

*





                                  

(5) 
 
 

This method does not have any limiting condition on non-
symmetric pentagonal fuzzy number. The following example 
illustrates the defuzzification of two generalized symmetric 
pentagonal fuzzy number inputs by using center of gravity 
method.   
 

 
 
3.1.1 Illustration 
 

If  8.0;5,4,3,2,1
~

PA  and  7.0;7,6,5,4,3
~

PB  are defined to 

be two generalized symmetric pentagonal fuzzy numbers with 
core value 0.8 and 0.7 respectively. Figure 3 represents the 
geometrical illustration of two generalized symmetric 
pentagonal fuzzy number inputs. Figure 4 represents the 
combined form of two fuzzy pentagonal fuzzy number inputs.   
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Figure 3 Pentagonal fuzzy number inputs���and ���. 

 
Figure 4 Combined pentagonal fuzzy number 

 

Then by equation (5), the defuzzification of two pentagonal fuzzy number inputs is calculated as follows, 
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6
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* 




x  

The below diagram (Figure 5) shows the defuzzified crisp 
output value representation for the two pentagonal fuzzy 
number inputs.  
 

 
Figure 5 Defuzzified crisp output of two pentagonal fuzzy number inputs 

 
 
 
3.2 Weighted Average Method 
 

Weighted average method is the most suitable method to 
defuzzify two or more symmetric fuzzy inputs. The weighted 
average method is formed by taking average of each 

membership function in the output by its respective degree of 
importance (also known as maximum membership value / core 
value of the respective membership function). The weighted 
average defuzzifying formula is given by,   
 





)(

)(

0~

0~0*

x

xx
x

G

G




                          (6) 

where 0x  is the centroid of the symmetric fuzzy input. Here 

we have symmetric fuzzy inputs as pentagonal fuzzy numbers. 
Then defuzzification of two pentagonal fuzzy number inputs is 
defined by the formula,  
 





)(

)(

0~

0~0*

x

xx
x

G

G




                             (7) 

 

where, 
9

5 11111
0

edcba
x


  represents the centroid of 

the pentagonal fuzzy number. This method is more suitable for 
symmetric pentagonal fuzzy number input. 
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3.2.1 Illustration 1 
 

If  1;5,4,3,2,1
~

PA  and  1;7,6,5,4,3
~

PB  are defined to be 

two normalized symmetric pentagonal fuzzy numbers. Then 
centroid of the two defined normalized symmetric pentagonal 
fuzzy numbers is calculated by using the equation (2) as 
follows; 
 

 
 

Figure 6 Normalized symmetric pentagonal fuzzy number inputs 
 

Centroid of the pentagonal fuzzy number PA
~

, derived using 

equation (2) is 3. Centroid of the pentagonal fuzzy number PB
~

, derived using equation (2) is 5. 
 

And the defuzzified value of the crisp output is calculated by 
equation (7) as follows, 
 

4
11

)15()13(* 



x . 

 

3.2.2 Illustration 2 
 

If  8.0;5,4,3,2,1
~

PA  and  7.0;7,6,5,4,3
~

PB  are defined to 

be two generalized symmetric pentagonal fuzzy numbers with 
core value 0.8 and 0.7 respectively.  
 

 
Figure 7 Normalized symmetric pentagonal fuzzy number inputs 

 
 

Then the centroid of the two generalized pentagonal fuzzy 
numbers is calculated as follows: Centroid of the pentagonal 

fuzzy number PA
~

, derived using equation (2) is 3. Centroid of 

the pentagonal fuzzy number PB
~

, derived using equation (2) 

is 5. 
 

Then by using equation (7), the defuzzified value is calculated 
as follows, 
 

9333.3
7.08.0

)7.05()8.03(* 



x . 

 

The above figure (7) shows the defuzzified value of the two 
generalized pentagonal fuzzy number inputs and it is represent 
by dotted line. 
 

3.2.3 Illustration 3 

 

If  6.0;5,4,3,2,1
~

PA ,  47.0;7,6,5,4,3
~

PB  and 

 45.0;4,75.3,3,25.2,2
~

PC are defined to be the three 

generalized symmetric pentagonal fuzzy numbers with the 
core value 0.6, 0.47 and 0.45 respectively. 
   

 
Figure 8 Generalized symmetric pentagonal fuzzy number inputs 

 
Then by equation (7), the defuzzified value of the above 
pentagonal fuzzy number output is calculated as follows, 

6184.3
45.047.06.0

)45.03()47.05()6.03(* 



x

 
 

 
Figure 9 Defuzzified output crisp value for ���, ��� and ���. 

 

The result obtained by the weighted average defuzzification 
method which uses centroid (Definition 2.4) of a two 
pentagonal fuzzy number inputs is equal to the concept of 
fuzzy center of a pentagonal fuzzy number (Definition 2.5).    
 

3.3 Center of Sums Method 
 

Center of sums method is one of the powerful defuzzifying 
techniques, which uses area to calculate the defuzzification 
value from two non-symmetric pentagonal fuzzy number 

inputs. If  wedcbaAP ;,,,,
~

11111 be the generalized 

pentagonal fuzzy number and the area of the pentagonal fuzzy 
number is calculated by the formula; 
 

 
4

)(2)(~ 2415 aaaa
AArea P




     
                            

(8) 
 

Then the defuzzified value of the two pentagonal fuzzy 
number inputs is calculated by the formula is stated as follows, 








n

i

i

n

i

ic

A

AF

x
i

1

1*                                

(9) 
where Fci denote the fuzzy center value of the pentagonal 
fuzzy numbers and Ai represents the area of a pentagonal fuzzy 
numbers (Equation 8). 
 

3.3.1 Illustration 
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If  7.0;6,4,3,2,1
~

PA  and  47.0;5.6,6,5,4,3
~

PB are defined 

to be two generalized non-symmetric pentagonal fuzzy 
numbers with the core value 0.8 and 0.7 respectively.  
 

 
Figure 10 Non-symmetric pentagonal fuzzy numbers ��� and ��� 

 

Now, Area  PA
~

=2.25, Area  PB
~

=1.875. Then the fuzzy 

centre value of the two pentagonal fuzzy number is calculated 

by using the equation 4 as follows, 25.3~ 
PA

F  and 

25.3~ 
PB

F . 

 

Then the defuzzified value of the two pentagonal fuzzy 
number inputs is calculated by using the formula defined in 
the equation 9 as follows, 
 

9886.3
875.125.2

)875.4875.1()25.325.2(* 



x . 

 
Figure 9 Defuzzified output crisp value for non-symmetric pentagonal fuzzy 

number ��� and ���. 
 

 
 
 
 
 

Conclusion 
 

In this study, we made an analysis of three traditional 
defuzzification methods where the input variables are 
observed to be pentagonal fuzzy numbers. Also we have 
introduced various defuzzification methods for calculating 
crisp output from two vague pentagonal fuzzy number inputs. 
Also, we provided the geometrical illustration for the proposed 
defuzzification methods with pentagonal fuzzy number inputs.      
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