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ABSTRACT

In this paper, we introduce and study the bivariate optimal replacement policy for a multistate degenerative system with varring cost structure
under quasi renewal process. Explicit expression for the cost structure under the bivariate replacement policy (T,N) is derived. Minimization of

the cost expression is also deduced.
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1. Introduction

The maintenance Problem of a multistate degenerative system
with k -working states having k -distinct rewards and /
-failure states with [ -different repair costs is considered in this
paper. The long-run average cost for a multistate degenerative
system under the bivariate replacement policy (7', N) where

T is the working age of the system and N is the number of
failures of the system in derived. Existence of Optimality under
the bivariate replacement policy is deduced.

The rest of the paper is structured as follows: In the section 2,
we give a general description of the model. We also present the
monotone process model of a one-component multistate system
and the relevant results regarding their Probability Structure. In
the section 3, we derive an experssion for the long-run average

— i’
S(t)_{k+j,

The set of working stateis €, = {1,2,...k} the set of failure
states is Q, ={k+1,k+2,...k+1} and the state space is

Q=0Q, UQ, . Initially, assume that a new system in working
state 1 is installed. Whenever the system fails, it will be

repaired. Let f, be the completion time of the n" repair,
n=0,1,2...

occurrence of the n™ failure, n=1,2,... then

with 7, =0 and let S, be the time of

t,<S, <t <..<s, <t <..

Consider a monotone process model for a multistate
one-component system described in this section and make the
following package of assumptions 2.1-2.8

2.1 At the beginning, a new system is installed. The system

cost per unit time for this model under a bivariate replacement
policy (T, N) . Existence of optimality under the bivariate

replacement policy is also deduced in this section. Finally,
conclusion is given in section 4.

2. Description of the Model

In this section, we describe the model of a one-component
multistate system. We also evaluate the conditional
probabilities of the operating time and failure time given the
state of the system.

Consider a one-component multistate system with (k+/)
states k -workers states and [ -failure states.

The system state at time # is given by

if the system is in the i" working state at timet (i=1,2,...,k)
if the system is in the j" failure state at timet (j =1,2,...,1)

has (k+/) possible states, where the states 1,2,...k
state, the
second-type working state, ... k" type working state and the
states (k+1),(k+2),...,(k+/) denote, respectively, the
and the

denotes, respectively, the first-type working

first-type failure state, the second-type failure state, ...

" type failure state of the system. The occurrances of these
types of failures are stochastic and mutually exclusive.

2.2 Whenever the system fails in any of the failure states, it
will be repaired. The system will be repalaced by an identical
one some times later.

23 Let X, be the survival time of the system after

(n— I)St repair. then {Xn, n=1,2,..} forms a non-

increasing geometric process with parameter g >1 and
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E(X,)=1>0

2.4 Let Y;l be the repair time of the system after n™ failure.
Then {Yn, n= 1,2,...} forms a non- decreasing geometric

process with parameter b,0<b <1 and E(Y,)=u=0.

Here g = 0 mean that repair time is negligible.

2.5 Ifthe system in working state i is operating, then let the

reword rate be 7; if the system in failure state (k =17i) is

under repair, the repair cost is C;. The replacement cost
comprises two parts. One part is the replacement cost R and

the other proportional to the replacement time Z at rate C D

In other words, the replacement cost is given by R+C pZ .

2.6 Assume that
12b,2b,>...2b, >0,

1<a <a,<...<a, and

2.7 Assume that Fn(t) is the cumulative distribution of

Ln = Z;X cand G, (t) be the cumulative distribution of

1

Mn: HY.

=1 i

2.8 The survival time X, , the repair time Y and the

replacement time Z, (n =1,2,...k) are independent random

variables. We now describe the probability structure of the
model.

Assume that the transition probability from working state
i,i=12,...k tofailurestate (k+ j), j=1,2,...,] is

P(S(Sn+l) = k+.]/S(tn) = l) = qj’
. / _ . ge
with ijlq = [ . Moreover, the transition probability from

failure state k+j,j=12,...,] to state
i,i=1,2,...k isgivenby

P(S(t,)=i/S(s,) = k+j)=P,

with Y p, =1,

Assume that there exists a life-time distribution U(¢) and

a,>0,i=1,2,...k such that

working

P(X, <t)=U(?)

(2.1)

and

P(X, <tIS(t)=i)=U(a,t),i=12,....k
(2.2)

where 1<a,<a,<...<q,.

In general for ij € {1,2,.. .,k}

P(X, St/S(tl)Zil,...,S(tH)=in71)=U(ail,...,a
(2.3)

1)

in—l

Similarly, assume that there exists a life-time distribution

V(t) and b >0,
i=1,2,...,1 suchthat

P, <t/S(s))=k+i)=V(bt)

2.4)

where IZbl sz Z...Zbl >0 and
i, e{l,2,...[}

in general, for

PY <t/S(s)) =k+i,...,S(sn)=k+i”)=V(bi1,...,bi 1)
(2.5)
3. The Policy (7,N)

In this section, we introduce and study a bivariate replacement
policy (T',N) for the multistate degenerative system, under

which system is replaced at working age T or at the time of
N -th failure, whichever occurs first. The problem is to choose

an optimal replacement policy (T N )* such that the long-run

average cost per unit time is minimized. The working age T
of the system at time is the commutation life-time given by

T() = t—-M,, if L,+M, <t<L +M,
Ln+1’ ian+l+MnSt<Ln+l+Mn+l

Ln = Z;X ; and M n = " K and

where )
=1

L,=M,=0
Following Lam [2005], the distribution of the survival time
X , in assumption 2.3 and the distribution of the repair time

Y in assumption 2.4 are given by

1 ‘ : ‘
P(X, <t)= Z (’7 1)' pll..pF U@ ...akt)
k Jl]k

=)
G.1)
where j,, j,,...j, €Z" and

|
Z.L‘I

— g v bl
li /1]1

(3.2)
where J,, j,».--j, €27, 1f E(X,)=A, then the mean

survival time is E(X,) =4 a'™ for n>1,
kP

where @ = Z,ﬂ— and If E(Y))= p then the mean
i= ai

repair time is E(Y,)= "

for n > 1, where

8l|Page



International Journal of Current Advanced Research Vol 7, Special Issue: 1, pp 80-85, January 2018

s

Further if R =7, denotes the reward earned after the n"
=1,2,...k then mean reward
earned after (n—1) -st repair is E(RX,)=rA
n > 2 then expected reward after installation is given by
ERR X,)=ria""

(3.3)

repair, where S (Sn_l) =1,1

and for

k 1p; . .
where r = E , 1,_[?, and if C, = ¢, denote the repair cost
i=
a.

after the n™ failure, where S )=k+i,i=12,...1
then mean repair cost after n™ failure is

E(C,Y,)=Cup’

34

Proof.Consider

o

=

N-1

i=1

¥
—_

N

=

-1

I
—_

i=1

where C = Zl lcbq’

The length of a cycle under the bivariate replacement policy

(T,N) is

W=(iXi +J§Yij;((LN ST)+(T+§Z L,>T)+Z
i=l i=l il

where 77 =0,1,2, ...

,IN —1 is the number of failures before

the working age of the system exceeds 7 and y(.) denote
the indicate functions.From Leung [2006], we have

E[Z(LISTSLN)]:P(L[ <ST<Ly)
=F()—-Fu(T)

Lemma 3.1 The mean length of a cycle under the policy

(T,N) is

E(w) = jOTFN(u)du + fu BUE(T)+71
(3.5) -

Ui
Xz +Z i X(LN<T):|+E|:(T+ZL jZ(LN>T)j|+E(Z)

= E{E[( : Xi +ZYI‘]Z(LNU)\LN}}+E[TZ(LN>T)]

+EKZ jm >T)}+E<Z)

i=1

= jOTudFN () + jonE(x)dFN )+ TF v (T)

N-1
+ D MB T El Ky eren ) 14T

i=1

— I udF,, (1) + Zﬂpl 'F(T)+TF v(T)+ Zﬂﬂ’ ‘Pl Xirer)1+7T

=TFx(T) +j udF, (u) + z,uﬂ’ 'F(T)-F,(T)]+ Z,uﬂ’ 'F (T)+t

= L Fy(u)du + ZyﬂHE(T) +7

which is (3.5)
Lemma 3.2

N N T
EKZRNXN J Z(LNq)} =Y ria"? | udF, )
n=2 n=2

(3.6)

Proof.Consider

DEATE

i=1

If Ly <T and n > 2, then the expected reward earned is

jZ(LN<T)/LN }}
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N
- TE(ZRNXN/LN - udeN (u)
n=2
N
= ,,Z:;"%a " IOTudF (1)

_ [1 o’ jm jorudFN (u)

| B

which is (3.6)

Lemma3.3 If Ly, >T and n > 2, then the expected reward earned is

EKZRNX N j’%m} = erla”‘z[Fn (T)—Fy(T)]

(3.7)

Proof.Consider

n=2

N N
E{ ZRNXN jZ(LN>T)} = E|:(ZRNXNJZ(LH<T<LN)j|
n=2

Il
M=

E(Ran)E[Z(Ln<T<LN)]

Il
[}

n

rda"p[L, <T <L,]

Il
= 1=

rda" *[F,(T) = F,(T)]

=
[}

which is (3.7)
Lemma 3.4 If L, <T, then the expected repair cost is

EKZ_% jz(J = Cu B (T)

n=1
(3.8)

Proof.Consider

EK%CYJ Z@Nm} = E{E(anYn/LN jz(LNm}
_ LTE@CHWLNJM ()
- jOTNZ:EwnmdFN(u)
=S ECE)[dF,
- icwﬂ”“FN ()

= c,u(1+,[i’+,[i’2 +...+ﬂN‘2)FN(T)
- cu(ﬂ - IIJFN (1)

which on simplification yields (3.8)

Lemma 3.5 If L, > T, then the expected repair cost is
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EKE% jﬂ%pr)} =X Cu IF,(T) = Fy (D))

(3.9)

Proof.Consider
n-1 N-1
E (zcnynjl(LNﬁ) = E|:(ZCnYnJZ(LN<T<LN):|
n=l n=1

N-1
E(Cn),n )E[Z(LN<T<LN)]

Il
=

=

Cup''P[L, <T<L,]

=
—_

=

Cup" '[F,(T)~ F, (T]

=

which is (3.9)
Let 7; be the first replacement time and let 7}, (n>2) be the time between (1 — 1)” replacement and n" replacement. Then

the sequence Tn, n=1,2,... forms a renewal process. The interarrival time between two consecutive replacements is renewal

cycle. By the renewal reward theorem, the long-run average cost per unit time under the multistate bivariate replacement policy
(T,N) isgiven by

The expected cost incurred in a cycle

C(T,N)=
( ) The expected length of a cycle

N-1 N
E{(zcn)ln - anXn ]Z(LN<T)} +R

n=1 n=1

7 7
+ E{(zlcnYn - TZRVI jI(LN>T) } + CpE(Z)

n=1

[E(w)]

using Lemma 3.1 to 3.5, we obtain
N-1 N T
>'Cu pF(T) —Zr/m"*zjou dF, (u)+C,r+R~1
n=1 n=2
N-1 N
+ Cu BF,(T) = Fy (D] =Y rA " *[F,(T) = Fy (T)]-rT
n=2

C(T,N)=" —
{ jOTFN(u)du + > u BT + r}

On Summarizing the above facts, we have the following results.

For the model described in section 2, under the assumptions 1.1 to 1.8 the long-run average cost per unit time under the bivariate
replacement policy (7', N) for a multistate degenerative system is given by

N-1 N
S cu BFM) =Y ke jOTu dF, (u)—r(A+T)
n=1 n=2

+ Zvjrz a"?[F(T)-Fy(T)]+C, t+R
C(T,N)=+"=2

UOTFN (u)du + Vzly BE (T + r}
4. Deductions CT,N)=C, (T),m=1,2,...

Here C(T',N) isabivariate function. Obviously, when N iS  Thyus for a fixed m , we can fixed T by analytical or
fixed, C(T,N) is a function of T for fixed N = m , it can

-
. numerical methods such that C (Tm) is minimized. That is
be written as

when N=12,...m,... we can fixed
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*

Tl* , T; , T; seees D ... tespectively, such that corresponding
(o (7;*), C, (T;), N O (T,:) ... are minimized.

Because the total life time of a multistate degenerative system is
limited, the minimum of the long-run average cost per unit time
exists. So we can determine the minimum of the long run
average cost per unit time based on

CI(TI*),Cz(T;),...,Cm(T,:)... for example, if the
minimum is denoted by C, (7::) we obtain the bivariate

optimal replacement policy (7', N )’k such that
C((T,N)") = minC,(T,)

CONCLUSION

By concluding a repairable system for a monotone process
model of a one component multistate degenerate system
explicit expression for the long-run average cost per unit time
under the bivariate replacement policy (7', /N) is derived.
Existence of optimality under the bivariate replacement policy
is also deduced.
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