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ABSTRACT

A (1,2)- two outdegree equitable dominating set in a graph G=(V,E) is a set S having the property that for every vertex v in S at distance 1
from v and a second vertex in S at distance ailmost 2 from v and if for any two vertices u, v € D such that |odp(w)-odp (v)| <2. The order of
the smallest (1,2)-two outdegree equitable dominating set of G is called (1,2)- two outdegree equitable domination number of G and denoted
by ¥(1,2)20 (G). This paper is aimed to attain the (1,2)- two outdegree equitable domination number in the middle graphs of Gy, W, Fy 5 and

K1,n;n .
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1. Introduction

By a graph G=(V,E) we mean a finite connected, undirected
graph with neither loops nor multiple edges. The order and
size of G are denoted by n and m respectively. For any graph
theoretic terminology, we refer chartrand and Lesniak [4]. Let
G=(V,E) be agraph and let v € V. The open neighborhood of

v eV denoted by N(w) = fue Viuv € E}. It SV then
N(S) = Upes N(v) and N[S] = N(S) US.

Domination in graphs has become an important area of
research in graph theory as evidenced by the results contained
in the two books by Haynes, Hedetniemi and Slater (1998)
[6].Dominating queens is the origin of the study of dominating
set in graphs. Berge [2] and Ore [9] were the pioneers to
define dominating sets. A non-empty subset S of V iscalled a
dominating set if N[S]=V. The minimum (maximum)
cardinality of a minimal dominating set of G is called the
domination number (upper domination nu0 of G and is

denoted by y(6)(r(6)).

A new type of dominating set namely (1,2) dominating set is
introduced by Steve Hedetniemi and Sandee Hedetniemi [10].
N.Murugesan, Deepa and S.Deepa and Nair introduced (1,2)-
domination in the line graphs of C,, B, and K;, , (1,2)-
domination in the middle and central graphs of
Kin,Cpand F, and aso (1,2)-domination in some
Harmonious graphs.

Vernold Vivin.J (2010) studied the harmonious coloring of

line graph, middle graph and central graph of certain special
graphs [12]. Venkatkrishanan and Swaminathan (2010)[11]

have studied color class domination number of middle graph
and central graph of K ,,, C, and F,. Ali Sahal and V.Mathad
(Saha 2013) introduced the concept of two outdegree
equitable domination number in graphs.

2.Preiminaries
2.1 Wheel graph [12]

The Wheel graph W;, onn + 1 verticesis defined as W, =
Cn + Ky where G, isn-cycle. Let V(W) = {vi:1<i<n-
Bufrv}and EW) ={w; =viviup 1 <i<n-—

1, subscripts modulon}U{e; =vvi1 <i<n-—1}.

2.2 Gear graph[§]

The Gear graph G, is a wheel graph W, ,, with a vertex added
between each pair of adjacent vertices of the outer cycle.

2.3 Fan graph[8]
A Fan graph W, , is defined as the join of two graphs,

Km+ Pn where Km is the empty graph on m vertices and
E, isthe path graph on n vertices.

2.4 Double star graph

A Double star graph is a graph formed by starting with 2
vertices and joining them together V(K ) = {v}Uu{v;:1 <
i<njufu:l1<i<n}

2.5 Middlegraph[12]

Let G be a graph with vertex set V(G) and edge set E(G). The
middle graph of G, denoted by M(G) is defined as follows.
The vertex set of M(G) isV(G) U E(G). Two vertices x, y of
M(G) are adjacent in M(G) in case one of the following holds
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(Nx,y arein E(G) and x, y are adjacent in G.
(i)xisinV(G), y isin E(G) and x, y areincident in G.

3. Main Results

In this section, we attained the (1,2)-two outdegree equitable
domination numbers of the middle graphs of Gear, Wheel, Fan
and Double star graphs.

Definition 3.1

A (1,2) - two outdegree equitable dominating set having
property that for every vertex vinV - S there is atleast one
vertex in S at distance 1 fromv and a second vertex in S at
distance amost 2 from v and if for any two verticesu, v € D
such that |odD u - odD(v)| <2, whee odp u =
|N v N V- D . The order of the smallest (1,2)- two
outderee equitable dominating set of G is caled (1,2)- two
outdegree equitable domination number of G and denoted

bYY 12 20e G -
Example 3.2

Fig 2 (M(Fy,))

Theorem 3.3

For the Middle graph of Gear graph G,,, the (1,2)- two out
degree equitable domination number is: y(12)20e M G, =
2n.

Pr oof

By the definition of middle graph of middle graph
V MG, =V G UEG,, V(M(G))|=5n+1in

which the set e;:1< i< n U {v}induces a clique K, ; of
order n+ 1 and for each i (1 < i < n) the set of vertices
{e;", ei41', €i41, Vis1: subscript modulo n} induces aclique.

InM G, ,the vertex ¢;' is adjacent tovu v; (1<
i<n) and eachu; is adjacent to e;Ue;:1< i< n SO
{e; Uuz 1 < i < n}will formadominating set.

Let D= {e;Uu;1< i< n}bean dominating set of M(Gy)
and V- D={vu{eUe"Uy} 1<is<mn} For every
vertex vinV - D there is atlest one vertex in D at distancel
from v and a second vertex in D at distance atmost 2 from v.
So, {e; Uu;: 1 < i < n}will forma(1,2) dominating set.

Now, e;' € Dthenodp e = |[N e NV - D|fori=1
= {(eis1 €iv2, ) U (v
U e,v,en"NiIN{vu(e;Ue"Uy; 1
< i< nj
= (v (e,vien”) =4
fori= 2,e;;€Dthenodp e; = |N e, NV - D|
HCel-1rels1re) U (0 U e vz ei-1"))30{0 U (€ U

=

e;"U : 1< i< n}

= |(vU (e vi,€i-1")

=4
fori=mn,e,”€Dthenody e, =[N e, NV - D|

= [{(e1, ez, €-1) U (VU e, v56i-1"))in{v U (g U
e"Ur; + 1<is< n}

= |(v U (es vi,€i-1")

=4
Similarly, if u; € D then
odp u; = |[N(u)NnV-D|
= |(epei") N (v U (e; Ue" Uyl
= |(es &)l
=2

Then |odp e¢; - odp u; | < 2, for any e;, u; € D. Therefore
D is the minimum (1,2)- two outdegree equitable dominating

Set. Hence, }’(1'2)209 M GTI = 2n.
Observation 3.4

(YForanyi M G, =n
(iForanyr M G, = 2n+1

Theorem 3.5
For the Middle graph of Wheel graph 1},, the (1,2)- two out
degree equitable domination number is: y(y2)20e M Wy, =
n.
Proof
Let vV W;l = {U, vy, Vg, ...'b"n_j} and V(M Wn) =

VU, V1, V2, ...Vp-1 U €1,€2,..5-1 U Uy, Uz, .. Up-1 , where

u; isthe vertex of M W3, corresponding to the edge v;v;4, of
W, 1<i<n- 1.

By the definition of middle graph, the verticesv and e;: 1 <
i<n-1 induce a clique of orderninM W;, .In M W,
thevertex e; isadjacenttov U {y; U v;:1 < i < n}

LetD = {e;:1< i< n}be an dominating set of M ; and
V-D=vU wyUvpl<sisn.
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For every vertex vinV - D there is atlest one vertex in D at
distance 1 from v and a second vertex in D at distance atmost
2fromv. So, {e;: 1 < i < n} will form a(1,2) dominating set.

Now, e; € D thenodp(e;) = IN(e)) NV - D| fori=1
= {vVU ei4q, €542, .6q U Uy, v, JN{v VU
yUvpl<sisnl
= uvpupv |
=4
odp(e;) = |[N(e,)) NV - D| fori= 2
= {vVU ej-1,€41,--p U Ui, v, u; JN{V U
wyUrvpls<sisnl
= |( Ui-1, Vi Uy, v |
=4
odp(ey) = IN(ey) NV - D| fori=mn
= {vVU eyez..eq U u—q, v, JN{vy
yUrvpl<sisnl
= |( Ui-1, Vi Uy, v |
=4

Then |lodp e; - odp e; | < 2,forany e; € D. Therefore, D
is the minimum (1,2)- two outdegree equitable dominating set.
Hence, y(12)20e M Wy =1

Observation 3.6

(i) For any Middlegraph of Wy, i M W;, =n+ 1

(i) For any Middle graph of W,,r M W,
Theorem 3.7

=n+1

For the Middle graph of Fan graph F; ,,, the (1,2)- two out
degree equitable domination number iS: y 12 20e M Finp =
n if n=3,n=4n=5n==6

does not exist if n> 6

Proof

Consider the Fan graph F,; , denote the verticesV F,, = aU
a;, azas,..dny-q1,an U

by, by, b3, ..by_1,by, and E Fi, = ezl<i<n ,where
e; is the edge aa; 1< i< n.By the definition of middle
graph V(M Fy, = V(F,)UE(Fin)= a:l<sisnu
bil<sisn Uel<sisn

InM F,, , each vertex a is adjacent in {e;:1< i < n} and
each b;_, isadjacentto azl<i<n.

Let D = {a VU b;—;: 2 < i < n} bethe dominating set of

M Fy, andV - D= {a;Ue;:1< i< n}. Forevery vertex v
inV - D thereisatlest one vertex in D at distance 1 from v
and a second vertex in D at distance atmost 2 from v. So

{a U b;_1} will form a(1,2) dominating set.

Now, a € D then
odpa =|Na nV-D|
=|e:l<sisn N{gUe;l<isn}
= |el
=n
If b;—; € D then
odp(bi-1) = [N(b;—1) NV - D]
fori= 1,b; € D then
odp(by) = IN(by) NV = D| = |(aj-1,ay €;-1,€;,b;) N (a; U
epl<sisn)
= |(ai-1, a4 €i-1, €|

=4
fori= 2,b; € Dthenodp(by) = |[N(b2) NV - D| =
|(@i-1, Qs €5-1, €1, bi-2, b)) N (a; Ve 1< i< m)| =

|(ai-1, i €i-1, €|
=4
fori= nby_, € Dthenodp(by-1) = [N(bp-1) NV - D]
= |(@i-1, Qi €41, bi-2) N (a; Vel < i< m)| =

|(ai-1!af' ei-iiei)l

=4

Then |odp(a) - odp bi—y | < 2, for any b; € D. Therefore,
D is the minimum (1,2)- two outdegree equitable dominating
Set. Hence, }’(1’2)203 M Fi,n =n ff?'l: 3,4,5,6
Suppose if n > 6, if for any two verticesu, v € D such that
the |odp(u) - odp(v)| # 2 where

odp u = |N v N V- D . This shows that M F, isa
graph that does not satisfy the 1,2)- two outdegree equitable
domination condition.

Observation 3.8

(i) For any Middlegraph of Fy ,,i M Fi,
(ii) For any Middle graphF; ,,,y M(Fi, = n
Theorem 3.9

For the Middle graph of Double star graph K; ,, ,, the (1,2)-
two out degree equitable domination number is:

Y 1,2 20e M( Ki,n,,n) =2n
Pr oof

=n+1

LetV(Kypn= vU vpl<isn U uy:l<sisn .Bythe
definition of middle graph, each edge vv; and vv; (1 < i < n)
in Kynn, ae subdivided by the vertices u; and s; in
M(F,) (i€ VM Kin vUwvl<sisnu
yslsisnuUel<sisnUsplsisn the
vertices v, ey, e, ...e, induce a clique of order n+ 1 (say
Kns11) INM Ky

InM( Ky, n) the verticese; isadjacenttovU vi:l<isn
and y; isadjacentto spl<i<n.

Let D= {e;VUuil< i< n} be the dominating set of
M Kipn andV-D= vU »Us;:1<si<smn.

Now, e; €D then odp(e;) = IN(e)NV - D|fori=1=
KvVU ejs1,€i42,.6n U vi,5; 1N{vrU wv;Us; :1<i<

n }

= {vu v;Us; }|

=3

fori= 2, e; €D then odp(e;) = [N(ez) NV - D|

= {vVU ei-1, €41, U v,5 }N{vVu
isn}={vV v;us; }| =3
for i=n,e, € Dthenodp(e,) = IN(ep) NV - D|
U 81,83 .8 ViS5 N U v; §:1l<isn

v v s}l
3

v; U s; 11<

Similarly, if u; D then odp(w;) = |IN(w;)) n V- D]
= spl<isn}n{v v; s;:l<isnl} = s
=4
Then |lodp(e;) = odp u; | < 2, forany e;,u; D. Therefore,
D isthe minimum (1,2)- two outdegree equitable dominating
Set. Hence, Y 1,2 2oe M( Ki,n,,n) = 2n
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Observation 3.10

(i) For any Middlegraph of Ky, i M(K;pnn) = n+ 1
(ii) For any Middlegraph Ky, n.,f M(Kipnn) = m+1

Conclusion

In this paper, we attained the exact values of the (1,2)- two
outdegree equitable domination number for the middle graphs
of Gp, Wy, Fin and Kj,,. We further extended this study on
middle graphs of some more special classes of graphs.
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