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ABSTRACT

The main aim of this paper is to observe generalized Ulam- Hyers stability of a additive functional equation which is originating from n
observations of an arithmetic mean in Intuitionistic Fuzzy Banach Spaces with the help of Hyers Type and Fixed Point Type
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RESEARCH ARTICLE

1. Introduction

In [33], Ulam projected the general Ulam stability problem:
When is it true that by slightly changing the hypotheses of a
theorem one can till assert that the thesis of the theorem
remains true or approximately true? In [18], Hyers gave the
first affirmative answer to the question of Ulam for additive
functional equations on Banach spaces. Hyers result has since
then seen many significant generalizations, both in terms of
the control condition used to define the concept of
approximate solution [3, 16, 27, 28].

Now, we are celebrating the platinum jubilee of stability of
functional equations. The solution and stability of various
functional equation in various normed spaces were introduced
and discussed in [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 20, 21,
23, 24] and reference cited therein.

Definition 1.1 Arithmetic Mean (A.M.): Arithmetic mean is
the total of all the items divided by their total number of items

AM = X+ X+ + Xy
N

The main aim of this paper is to observe generalized Ulam-
Hyers stability of aadditivefunctional equation

Zxk

fl =—

N

1
NZf (%) (1.2)
k=1

originating from N observations of an arithmetic mean in

Intuitionistic Fuzzy Banach Space with N > 2 with the help
of Hyers Type and Fixed Point Type.

Now, we present the following theorem due to B. Margolis
and J.B. Diaz [22] for the fixed point theory.

Theorem 1.2 [22] Suppose that for a complete generalized
metric space (Q,d) and a strictly contractive mapping

T : QQ — Q with Lipschitz constant L . Then, for each given
X e Q) , either

dT"x,T"™X) =, V n>0,
or there exists a natural number N, such that the properties
hold:
« d(T"X,T™X) < oo foral N>ny ;

« The sequence (T"X) is convergent to a fixed to a fixed
point Y of T ;

« Y is the unique fixed point of T in the set

A={yeQ:d(TOx,y)<x};
: d(y*,y)sﬁd(y,Ty) foral ye A,

2. Preliminaries on Intuitionistic Fuzzy Banach
Spaces

In this section, using the idea of Intuitionistic fuzzy metric
spaces introduced by J.H. Park [25] and R. Saadati and J.H.
Park [30, 31], we define the new notion of intuitionistic fuzzy
Banach spaces with the help of the notion of continuous t —
representable (see [17]).

Lemma 2.1 [15] Consider the set L* and the order relation
SL* defined by:

L' = {(x1 X,):(x,%)e[0,1 and x, + x, < 1},
(4,%)< . (% Yo) X < Y% 2 ¥, W, 56 )(W ) €L
Then (L < )lsacompletelamce

1_*

Definition 2.2 [12] An intuitionistic fuzzy set A

universal set U isan object
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An= {(Z A(u)1hA(u))|u < U}
for dl ueU,z ,(u)e[0,1] and h ,(u)e[0,1] are called
the membership degree and the non-membership degree,
respectively, of U in A&’h and, furthermore, they satisfy

z,(u)+h (u)<1.

We denote its units by OL* =(0,2) and lL* =(1,0).
Classically, atriangular norm * =T on [0,1] isdefined asan
increasing, commutative, associative mapping
T:[01f -[0,1] stisfying T(1,x)=1*x=x for al

xe[0,1]. A triangular conorm S=# is defined as an

increasing, commutative, associative mapping
S:[0,1f —[0,1] satisfying S(0,x)=0ex=x for all
x[0,1].

Using the lattice (L*< ) these definitions can be

l_L*
straightforwardly extended.
Definition 2.3 [12] A triangular norm (t—norm) on L isa
* 2 *
mapping T I(L ) — L satisfying the following conditions:
c(verfrix. )=
( V(x, y)e XT (%, y¥)=T(y, X)) (commutativity);

;(WX y ))( P Ty, 2)=T(T(x v),2)
associativity);
(ot yy)elt s, xandy<, y =Tixy)s, Tix )
(monotonicity).

it (L,<.,T)

’_L*,

) (boundary condition);

is an Abelian topological monoid

with unit 1L* ,then L is said to be a continuous t —norm.

Definition 2.4. [12] A continuoust-norms T on L* issaid to
be continuous t-representable if there exist a continuous t-

norm * and a continuous t —conorm ¢ on [O,l] such that,

forall x= (%) y = (1, y,) e L,
T(X1 y): (X1* Yi» Xz’yz)'
For example,

T(a,b) = (a,b, minfa, +b,,1}) and

M (a,b) = (min{a,, b, },max{a,,b, }) for all

= (ai,az),b = (bl,bz)e L" are continuous t —
representable.
Now, we define a sequence T" recursively by
T'=T and
Tn(x(l X(n+1) (-I-H(x(l X(n))’x(ml))’

Vn22,x“) el’.

Definition 2.5 [32] A negator on L° is any decreasing
mapping N:L"— L satisfying N Z(OL*): 1L* and

N(lL*)Z OL* 1f N(N(x))=x foral xeL", then N is
called an involutive negator. A negator on [0,1] is a
[0,1] satisfying N(0)=1
and N(1)=0. N, denotes the standard negator on [0,1]
defined by
N.(x)=1-x, ¥xe[0,3}

Definition 2.6 [32] Let m and N be membership and
nonmembership degree of an intuitionistic fuzzy set from

X x(0,4%0) to [0,1] such that m(t)+n,(t)<1 for al
xe X andal t >0 . Thetriple (X,P,,,,T) issaid to be

b mnl

decreasing mapping N :[O,l]—)

an intuitionistic fuzzy normed space (briefly IFN-space) if X
is a vector space, T is a continuous t—representable and

P is a mapping Xx(0,+oo)—> L" satisfying the

mn

following conditions: for al x,y e X and t,s> 0,
P (x0)=0.;
+ P (x,t)=1, if andonlyif x=0;

P, (dxt)=P ( T |Jforallw;to
- T(Ru (1) Py (v:9))

In this case, P,

« P, (x+y,t+s)>

is called an intuitionistic fuzzy

)= (m(t)hn, (1)

Example 2.7 [32] Let (X,””) be a normed space. Let

T(a,b)=(a,b,min(a, +b,,1)) for all
:(al,az),b:(bl,bz)e L° and mn be membership

and non-membership degree of an intuitionistic fuzzy set
defined by

=m0 L e

Then (X P T) isan IFN-sapce.

' U'mno

norm. Here, B, | (x

Definition 2.8 [32] A sequence {X,} in an IFN-space
(X P T) is called a Cauchy sequence if, for any € >0

' U'mno

and t > 0, thereexists Ny € N such that

Pon (% =% t)> L' (Ny(€).€). v nm=n,
where N isthe standard negator.
Definition 2.9 [32] The sequence {X,} is sad to be

Pmn
convergent to a point Xe€ X (denoted by X, — X) if

Pmn(Xn—X,t)—>1L* asn— oo forevery t > 0.

' mn?

Definition 2.10 [32] An IFN-space (X P T) issaid to be
complete if every Cauchy sequence in X is convergent to a

2|Page
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point Xe X .

In order to establish the stability results let us consider the
following:

» X - Linear space.

. (Z, P M ) - IFN-space.
. (Y, P M ) - Complete IFN-space (IFBS).
+ge{1,-1}.
» Define a constant &; by
N if i=0;
a; = % if =1 @1

3. Intuitionistic Fuzzy Banach Space: Stability
Results: N IsAn Even Integer

In this section, we test the generalized Ulam - Hyers stability
of the additive functional equation (1) in Intuitionistic Fuzzy

Banach Space by taking N isan Even Integer.
3.1 HyersType

Theorem 3.1 Assume W : XN — Z be afunction such that
g
a
for some 0 < (Wj <1,

Py (W(N®X,0,--

,0),r)

3.1)
W(X,O,---,O),r)

>, Pl (a®
forall Xe X andadl r >0 and
LLTP'MH (W(Ng‘xl,---,NWXN),Ngqr):lL* (3.2)

for dl X, -, Xy €X and r>0.1f f:X Y isa
mapping such that
Zxk y
Pmn | Z (Xk)’r
k=1 (3.3
>, P (W(xl,---,xN),r)

foral X, -+, Xy € X and r > 0. Then the limit

(A(X) FIN®Y) J_)]:’ asq g 150
(3.4

exists for al Xe X and the mapping A: X — Yis the
unique additive mapping such that

Pon (T (X)=A(x).1)
|N—a|rj (35

2, P'mn(w(x,o,m,o), N

foral xe X andal r > 0.
Proof. Case1: g = 1.

Switching (X, X5, -+, Xy) by (X,0,-+-,0) in(3.3), we get

X 1
Fro (f (N]_N f(X)’rj (3.6)

>, P (W(%,0,--,0),r)

foral xe X and r > 0. Setting X by NX in (3.6), we
obtain

P ( £ (x)

(3.7)

foral xe X and r > 0. Replacing X by N% in (3.7)
and using (3.1), (IFNS3), we arrive

P [f(NqX)_ f(NI\(:ﬂX) 'fj

| r
2, P, (W(X,O,‘--,O),g]
foral xe X and r > 0. Itiseasy to verify from (3.8), that

Pmn(f(qu)_ f(Nq”x),qu

f(N )

,rj >, P (W(N x0,--,0),r)

(3.9)

Nd N&

, r
2, P (W(X,O,---,O),g)

holdsfor all Xe X andall r > 0. Replacing I' by a% in
(3.9), we have

f(N%%) f(N%x) {aT
I:)mn - 1
"1ONd N [N (3.10)

>, P (W(x0,--,0),r)
foral Xxe X andall r > 0. Itiseasy to seethat

(3.9)

£ (Nx) _ RN f(NTY)
NG —f(x)-; NG N G

foral X e X . From equations (3.10) and (3.11), we get

Pm£f<qu) f()z[ } j

= N(J+1)
>, MGP, (W(X,O,-~-,O),r)
P\ (W(X0,+,0),r)

for al Xxe X and al r >0. Replacing X by NPX in
(3.12) and using (3.1), (IFNS3), we obtain

fIN®Px) f(NPX) 1 &[a]
Pmn[ NP NP ’szﬁ .

j=0

(3.12)

=

>, P, (W(X,O,--',O),L)
L v ap

(313
foral xe X andal r >0 andal p,q>0.Replacing I

3|Page
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by aP r in(3.13), wearrive

F(N®PX)  f(NPX) q—l{ a]'*"
P - D T
m‘”[ NP N ; N (3.14)

2. P, (W(x,0,--,0),r)

foral Xxe X andadl r >0 and al p,q>0. It follows
from (3.14) that

(f(Nq”’x) f (NPX) j
P - Ny
NCI+P NP
(3.15)
: r
ZL* P W(X’O’M,O)’W
=L N
foral xe X andadl r >0 andal p,q>0.
fF(NY) | .
By data, we have N is a Cauchy

sequencein (Y P M) Since (Y P .M ) is acomplete

' ''mn? ' ''mn?
I FN-space this sequence convergent to some point A(X) eY
. So one can define the mapping A: X =Y by

[A( X) — f(qu) rj—>1’[,asq—>oo,r >0

(3.16)
foral xe X. Letting p = 0 in(3.15), we get

Pm(f(a':x)— f(x),rj

(3.17)

> P w(x0,,0),——

L q1|:a:|1'

Sal

i=LN
for all Xe X and al r > 0. Now for every d >0 and
from (3.17), we obtain

P (AX) - f(X),r +d)

P {A(x)— Hv X),d],

N
e [f(x)—f(qu

Z

Qo
N —

;
N—e

(3.18)

v
<

forall xe X anddl r > 0. Taking thelimitas N — oo in
(3.18) and using (3.16), we have

P (AX) = f(X),r +d)

— 3.19
z*P'mn(W(X,o,...,o),Mj (319)
L N

for dl Xe X and al r>0 and d >0. Since d is
arbitrary, by taking d — 0 in (3.19), we arrive

Prn (A(X) = f (x).1)

_ (3.20)
. (W(X,o,...,o),Mj
L N

foral Xxe X andal r >0.Toprove A satisfiesthe (1.1),

replacing (X,-++,Xy) by (N x,---,N9xy) in (33)
respectively, we get
N
N X,
1 Z 13
P |—|f o qu N

>, Pl (W(N® X, T %), N )
(3.21)
foral X, -+, Xy € X and r >0 . Now,
N
kZ:Xk 1 N
Pl Al - =S A ),r
- N N; (%)
N N
2| g | 2N
> M2{P | Al KL | — |k = |
N m N N9 N 3| 322
( ZA( )+ Zf(Nq j
i
N9 X,
1 19
P | —|f ~=Yf(NYx%) |,—
mn Nq N; ( Xk)
for al X, -+, Xy € X and al r >0. Letting g — o in
(3.22) and using (3.21),(3.2), we obtain
N
zxk 1 N )
P N —N;A(xk),r >, M (1L*,1L*,1L*)
(3.23)
for al X, --,Xy € X and dl r >0. Using (IFNS2) in

(3.23), we arrive

4|Page
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N

2%

T = —ZN:A(XK)

for al X,---,Xy € X. Hence A satisfies the additive

functional equation (1.1). In order to prove A(X) is unique,
let A'(X) be another additive functional equation satisfying
(2.2) and (3.5). Hence,

Pon (AX) - A(X),1) = R, (

AN%)  A(NX) j

N¢ N¢
ANX)  f(N) r
Pmn - v |y
N¢ N 2
>. M
- f(N") A(N) r
Pmn
N N 2
>, len W(Nq X,O,'“,O),M
L ’ 2N
r(N-a)
=P W X,O,"',O ,—7
"‘”( ( ) 2Na“ j
foral Xxe X anddl r > 0. Since |im ;q_ ):oo, we
g—o
L r(N-a))_
obtain L'IE P (W(X,O, e ’0)’Taqj = 1L*. Thus

Prm(A(x)—A'(x),r):lL* foral xe X andal r >0,

hence A(X) = A'(X) . Therefore A(X) is unique. Thus, the
theorem holds for g =1. For g = -1, we can prove the

result by a similar method. This completes the proof of the
theorem.

The subsequent corollaries are immediate consequence of
Theorem 3.1 concerning the stabilities of (1.1).

Corollary 3.2 If f: X — Y isa mapping satisfying the
functiona inequality

Zxk

N
Pl fl ¥ |- kZf(xk),r >, P (rir)
(3.24)

for al X, -, Xy €X andadl r>0 ad r >0 be a

congtant, then there exists a unique additive mapping
A: X > Y suchthat

N
(3.25)

P (F(0— AX)LT)2 . P, (r Mj

foral Xxe X and r > 0.

Corollary 3.3 If f: X — Y is a mapping satisfying the

functional inequality
N

f 2| 1 >
Pmn T _N; (Xk)!r

F’mn(r glxkl‘,rJ

foral X, --,Xy € X anddl r >0 and r,t are positive

constants with t =1, then there exists a unique additive
mapping A: X — Y such that

P (f ()= A(X),1)> , Py, [r x| T_

(3.26)

forall Xe X and r > 0.

3.2 Fixed Paint Type

Theorem 34 Assume W: X" —>Z be a function
satisfying the condition
limP' ., (W(aiq&,---,aiqu),aiqr)zlL* (3.28)
g—w
for dl X, -, Xy €X and r>0.1f f:X Y isa
mapping such that
Zxk 1 i
P S == > T(X).r =,
" N = L (3.29)
P (W(X %) T)
for al X, -, Xy € X and r > 0. If there exist a congtant

L =L(i) suchthat
Q(x)= N w(l,o,.--,oj
N
with the property
- (ai ol x) r] =P, (LOMXLT) @3y

for dl Xe X and al r>0. Then there exists a the
mapping A: X — Y which is a unique additive mapping
such that

B (10 A1)z, P [ 00|

(3.30)

1-L
forall Xe X andal r >0.
Proof. Consider the set
Y={f/f:X->Y, (0 =0}

and introduce the generalized metricon ¥ ,

d(f,, f,) =inf{h € (0,0):
P (F0)=F,(2,1) 2, Py, (hQ(x),r)

(3.33)
5|Page
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foradl xe X and al r > 0. It is easy to see that (33) is
complete with respect to the defined metric. Define
J:¥Y >V by

1

J f(x) =
I
(33 and f,f, eV, wearive J is a strictly contractive
mapping on ¥ with Lipschitz constant L (see [22]). It
follows from (3.7), (3.33) and (1) for thecase i =0, we reach

P (F(x)=JF (x)r) > . Py (LQX)T) (339

— f,(@,x),foral xe X . Now, from

: : X .
foral Xe X and r > 0. Again replacing X=W in (3.7)

and it follows from (3.33), (3.1) for the case | =1, we again

B 0= 1(r)=, P (@001 @39

foral Xe X and r > 0. Thus, from (3.34) and (3.35), we
arrive

P (IF (X)= F(x),r)> . Py, ("Q(x),r) (3.38)
foral Xe X and r > 0. Hence property (FP1) of Theorem
1.2 holds. It follows from property (FP2) of Theorem 1.2 that
there exists a fixed point A of J in ¥ suchthat

f (2 x) " ") s

qo o (3.37)

foral Xe X and r > 0. In order to show that A satisfies
(2), the proof issimilar lines to tat of Thorem 3.1 By property
(FP3) of Theorem 1.2, A is the unique fixed point of J in
the set

A={AeV¥ : :d(f,A) <o},

such that
P (F()=AX)T)2 . Py (0 Q) 1)

for dl xe X and r > 0. Findly by property (FP4) of
Theorem 1.2 , we obtain our desired inequality (3.32). This
compl etes the proof of the theorem.

The following corollary is an immediate consequence of
Theorem 3.4 concerning the stability of (1.1).

Corollary 35 If f: X — Y isa mapping satisfying the
functiona inequality

Zxk

1 N
Pmn N __Z (xk),r
N i
(3.38)
P (1.1);
> N "
Pmn(r ZIXkI,rJ;
k=1
foral X, -+, Xy € X anddl r >0 and r,t are positive

constants with t #1, then there exists a unique additive
mapping A: X — Y suchthat

P (F()—A(X),r)
P (N T, N=1]);
= P (N7 I [N=NC);
foradl xe X and r > 0.

(3.39)

Proof. Let W(X,*,X,) = (3.40)

' N
rY Il
k=1
foral X,- -,
P (W(ainxl’ainxn)'aiq I’)
P (rafr);

= P‘mn[r Ylafx fa; rj;

k=1

Xy € X . Now

—>1L* as q— w;

—>1L* as gq— .

Thus, (3.28) holds. It follows from (3.40), (3.30) and (3.31),
we have

P (€(37)= Pl N 30,0

P (ai‘1 Nr ,r);

P (af’1 N r |x|‘,r);

P'mn(LQ(x),r);
P (LQ(x),r);

for al Xe X . Hence, in view of (3.42) and the inequality
(3.32) we arrive our ineguality (3.39). Hence the proof is
complete.

4. Intuitionistic Fuzzy Banach Space: Stability
Results: N isan Odd Integer

In this section, we judge the generalized Ulam - Hyers
stability of the additive functional equation (1.1) in

6|Page
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Intuitionistic Fuzzy Banach Space by taking N is an odd
Integer.

Theorem 4.1 Assume W : XN — Z be afunction such that

a )
for some 0 < (—) <1,
N

P | W) NFX,=NBxX,-- —NFx, NTx,... N¥x | r
N-1 N-1

2

(4.1
forall Xe X andadl r >0 and
Cp 9dy ... N9 9d, ) =
LQPW(W(N X, N xN),N r) 1L* 4.2

for dl X, -, Xy €X and r>0.1f f:X Y isa

mapping such that
N

* N

- 1
Pl 23 (), r
" N NkZ:; 4.3)

2 o Pl (W X1 %))
foral X, -+, Xy € X and r > 0. Then the limit

q
Pon [A(x)— f(NNq X

exists for al Xe X and the mapping A: X — Yis the
unique additive mapping such that

P ( (%)= A(X),r)

,r)—>1’[,asq —>o0,1 >0 (4.4)

IN-a]|r |(45)
w (Xa_xa'“l_xlxl“'!x) v
N-1 1 N

ZL* P
_ N=

2 2

foral Xxe X andadl r > 0.

Proof. Case1: g = 1.
Switching (X, X,,-+, Xy) by (X,—X,+=+,—X, X,

(4.3), we get

(4.6)
foral xe X and r > 0. Setting X by NX in (4.6), we
obtain

Pon (12

4.7)

w| NX,—NX,---,—NXx, NX,---,Nx |, r
N- N-
2 2

> P

= mv

forall Xe X and r > 0. Replacing X by N%X in (4.7)
and using (4.1), (IFNS3), we arrive

g+1
pmn(f(qu)_M,rj
N (4.8)
, r
2, P (W(X,O,---,O),;j
foral Xe X and r > 0. The rest of proof is similar ideas

to that of Theorem 3.1. This completes the proof of the
theorem.

The subsequent corollaries are immediate consequence of
Theorem 4.1 concerning the stabilities of (1.1)

Corollary 42 If f:X — Y isa mapping satisfying the
functional inequality

N

25| 4w

=1
P ] —Nkz:l:f(xk),r >, P (r,r) (49

for dl X, -, Xy €X andadl r>0 ad r >0 be a

constant, then there exists a unique additive mapping
A: X —Y suchthat

P (F )= A1), Py, (r %j (4.10)
foral xe X and r > 0.

Corollary 43 If f: X — Y isa mapping satisfying the
functional inequality

i& 1N ,m[rN j

Pl Il |—= > f(X)r >, P
m N Nkzzlz L

(4.12)
foral X, --,Xy € X andadl r >0 and r ,t are positive

constants with t #1, then there exists a unique additive
mapping A: X — Y suchthat

P (F0-AR T2, P, (r N'X't’r“\lN_l\ltl]

(4.12)
foral xe X and r > 0.
4.1 Fixed Point Type

The proof of the following theorem and corollary is similar
clues that of Theorem 3.4 and Corollary 3.5. Hence the details
of the proof are omitted.

Theorem 4.4 Assume W: XY —>Z be a function

7|Page
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satisfying the condition
limP' ., (w(aiqx1,~~-,aiqu ),aiqr): 1L* (4.13)
g—o0

foral X, -, Xy €X andr>0.1f f:X >Y is
amapping such that

N

5] 1
Pl =57 (%)
™ N NKZ:; (4.14)

2. Pl (W0 %y ).T)
for al X, -+, Xy € X and r > 0. If there exist a congtant
L =L(i) suchthat

Q(X)= NW[W| (X,—X,--,=X, X,---,X) || (4.15)
N1 Na
with the property
P (ai Q(a;x), rj =P, (LQ(X)r) (a16)

for all XxXe X and al r >0. Then there exists a the
mapping A: X — Y which is a unique additive mapping
such that

B 100 A1), P 00

(4.17)
foral Xxe X anddl r > 0.

Corollary 45 If f: X — Y isa mapping satisfying the
functiona inequality

N
24 19

P | f N —N;f(xk),r
(4.18)
P (11):
N

2,
APl T D IX T
k=1

foral X, --,Xy € X andadl r >0 and r ,t are positive

constants with t #1, then there exists a unique additive
mapping A: X =Y suchthat

P (0 —A(X),r)

P (NTLrIN=1]);
P'mn(Nr |x[',r|N =N |);
foral xe X and r > 0.

(4.19)

£
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