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lipschitz and Caratheodory conditions via a hybrid fixed point theorem.
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INTRODUCTION

In this paper the work deals with the existence and locally
attractivity of solutions to the following second order
Nonlinear Differential equation (SNDE).

x(t)
2 [m} =9 (t,x(t).x(u(t))),t €R,
x2(0)=0

Where, iR, XRXR->R—-{0},g:R, XxRXR—-> R And
]/,M:R+—>R

(M

We use hybrid fixed point theory formulated by B. C. Dhage
for the existence of solution of the SNDE (1) and we prove
that all the solutions are locally attractive.

Finally we present an example illustrating the applicability of
the imposed conditions

By a solution of SNDE (1) we mean a function x €
AC(R,, R) such that:
x(t)

1. The function t— [m

continuous for eachx € R.
2. x satisfies (1)

] is absolutely
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Auxiliary Results

In this section we give the definitions, notation, hypothesis and
preliminary tools, which will be used in the sequel.

LetX = AC(R,,R) be the space of absolutely continuous
function on R, and Q be a subset of X. Let a mapping
A:X — X be an operator and consider the following operator
equation in Xnamely, 2(t) = (Ax)(t), for all t€E R,
(D

Below we give some different characterization of the solutions
for operator equation (2.1) on R,. We need the following
definitions.

Definition: We say that solution of the equation (2.1) are

locally attractive if there exists a closed ball B, (0) in the
space AC(R,, R)for some x;, € AC(R,, R)and for some real
number r > 0 such that for arbitrary solution x = x(t) and
2 = 4(t) of equation (2.1) belonging to B,.(0) N Q we have
that lim,_e,(x(t) — ¢ (t)) = 0(2)

Definition: Let X be a Banach space. A mapping A: X — X is
called Lipschitz if there is a constant a > 0 such that,||Ax —
Ay < allx — yllfor all x,4 € X. Ifa < 1, then A is called a
contraction on X with the contraction constant «.

Definition: An operator Q on a Banach space X into itself is
called compact if for any bounded subset S of X, Q(S) is
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relatively compact subset of X. If Q is continuous and
compact, then it is called completely continuous on X.

Definition: Let X be a Banach space with the norm ||-|| and let
Q:X — X, be an operator (in general nonlinear). Then Q is
called

1. Compact if Q(X) is relatively compact subset of X.

2. Totally compact if Q(S) is totally bounded subset of X
for any bounded subset S of X.

3. Completely continuous if it is continuous and totally
bounded operator on X.

It is clear that every compact operator is totally bounded but
the converse need not be true.

We seek the solution of (1) in the space AC(R,,R)of
continuous and real — valued function defined on R, . Define a
standard norm ||| and a multiplication “ - ” in AC(R,, R) by
|(|39;|| =sup{lx(®)]:t € Ry}, (xy)(©) = x()y(t), t € R,

Clearly AC(R,, R)becomes a Banach space with respect to
the above norm and the multiplication in it. By £L1(R,, R) we
denote the space of Lebesgue-integrable function R, with the

norm ||-[| ;1 defined by [|x]l; = " lx(0)ldt (4)

Definition: Let f € L1[0,T]land @ > 0. The Riemann -—
Liouville fractional derivative of order ¢ of real function f is

defined as D f(t) = F(l 5 Ot (:(ggds , 0<é<1l

Such that D¢ f(t) = ISf(t) = ﬁ Of (tfs()l) :

ds respectively.

Definition: The Riemann-Liouville fractional integral of order
£ €(0,1) of the function f € L0, T] is defined by the

formula: I°f(t) = ﬁ Ot = S()Sl) zds, t€[0,T]

where I'(¢) denote the Euler gamma function. The Riemann-
Liouville fractional derivative operator of order ¢ defined by

f_4 _
D dtf
integral operator I¢ transforms the space L' (R, R) into itself
and has some other properties.

Theorem: (Arzela-Ascoli Theorem) If every uniformly
bounded and equicontinuous sequence {f,} of functions
inC(R,, R), then it has a convergent subsequence.

°11 $It may be shown that the fractional

Theorem: A metric space X is compact iff every sequence in
X has a convergent subsequence.

Theorem: Let S be a non-empty, bounded and closed-convex
subset of the Banach space X and let A: X —» X and B: S —» X
are two operators satisfying:

A is Lipschitz with a lipschitz constant «,

B is completely continuous, and

AxBx € Sforall x € S, and

aM <1 where M = ||B(S)||:sup{||Bx ||: # € S}.Then
the operator equation AxBx = x has a solution in S.

bl

Existence of solutions
Definition: A mapping 0: R, X RX R - R is Caratheodory
if:

1. t— o(t, x,4) is measurable for each x,¢4 € R and

2. (x,4)— o(t,x,¢)is continuous almost everywhere for
t ER,.

Furthermore a Caratheodary function o is £*

if:

3. For each real number r > 0 there exists a function
A, € LY(R,, R)such
thatlo(t, x,4)| < 4,.() a.e. t€R, for all x ER
with |x|, < rand |g|, <T.

Finally a caratheodary function o is L} —caratheodary if:

4. There exists a function 4 € LY(R,,R) such that
lot, z,4)| < A(t), a.e. t€ER, forallx,y €R

For convenience, the function £ is referred to as a bound

function for o.

—Caratheodary

We will need the following hypothesis.

(#£1) The functions y, u: R, — R are continuous.

(#;) The function f: R, X RX R - R — {0} is continuous
and bounded with bound

F = sup(t’x(t)‘x(y(t)))enhX]RX]R f (t,x(t),x(y(t)))| there
exist a bounded function k: R, - R with bound K satisfying

If (62,20 ®)) - £ (£ 4O, 4(r©®))|

< k@®max {|2(0) - (O |z ©) - @®)[}. ae te
R, forallx, ¢4 € R.
(#£3) The function g:R, XRXR->R is satisfying

caratheodory condition with continuous function h(t): R, —
R such that g(t,x,¢4) < h(t) Vt € R, and x,¢ € R.
(#€4) The function v: R, = R defined by the formulas

v(t) = fot(t—s)h(s) ds is bounded on R, and vanish at
infinity, that is lim,_,. v(t) = 0.

Remark: Note that the (#£3) — (#4) hold, then there exists a
constant K; > 0 such that K; = sup{v(t):t € R,}

Lemma: Suppose that & € (0,1) and the function f,g
satisfying SNDE (1.1) then x is the solution of the SNDE (1)
if and only if it is the solution of integral equation

x(t) = [f (t,x(t),x(y(t)))] [fot(t —s)g (s,x(s),x(u(s))) ds] ter, (3)
Proof: Integrating equation (1.1) of second order, we get

t

2 x(t)
° f (t.2), x(y(t))) =19 (s2(), 2(u()))]
x(t) ~
=? 7 (62@.2(0®))| g (5,2(), 2(u())) |
_ x(t) I _
“Proa0@), o (52662, 2(u))]

E35)

(tx(:)(—xt)(y(t)))] [ (s x(s), x(u(s)))]

Again integrating, we get

[W =1 [g (5,20 2(u))|

x(t) = [f (t,x(t),x(y(t)))] [fot fotg (s,x(s),x(u(s))) ds]
#(®) = [f (62O, 2 ()] 555 o 6 -

s)g (s,x(s),x(u(s))) ds
@ = |1 (62,2 ()] [ -

s)g (s,x(s),x(u(s))) ds], teR,
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. t n_ (tE=s)""1t _
Since [ f(t)dt™ = [ Wf(s)ds, Where n =
0123, ......

Conversely differentiate (3.1) w.r.to t, we get,
x(t)
=DI(t —s)g (s,x(t).x(u(t)))
f (&2, 2(y(®))
x(t)

o (L 2©.20@))| (t = $)g (s,2(6), 2(u(®)))

Again differentiating, we get,

2 x(t) ~

D f (t,x(t),x(y(t)))- =1g (S,x(t),x(/,t(t)))
x(t) ~

D? f (t,x(t),x(y(t)))_ = 49 (s,x(t),x(#(t)))

Theorem: Assume that condition (#1-#£,) hold. Further if
KK, <1, where K; is defined in remark (3.1). Then SNDE
(1.1) has a solution in the spaceAC (R, R), moreover solution
of (1.1) are locally attractive on R,.

Proof: By a solution of SNDE (1.1) we mean a continuous
function x: R, = R that satisfies SNDE (1) onR, . Set
X = AC(R,, R) and define a subset B,.(0) of X asB,.(0) =
{x € X:||x|| < r}.where r satisfies the inequality, FK; < r.
Let X=AC(R,,R) be Banach algebra of all absolutely
continuous real-valued function on R, with the norm ||x|| =
suplx(®)l,t € Ry (2)

We shall obtain the solution of SNDE (1) under some suitable
conditions involved in (1). Now the SNDE (1) is equivalent to
the SNIE

#© = [f (62©,260))] [ | 0

—5s)g (s,x(s),x(u(s))) ds]

Let us define the two mappings A:X — Xand B:B,.(0) » X
by

ax(®) = f (62©,2(r(©)),t €R, ©
Bx (t) = fot(t —5s)g (s,x(s),x(u(s))) ds ,t R, 4)

Thus from the SNDE (1.1), we obtain the operator equation as
follows:

x(t) = Ax(t)Bx (t),t € R, (5)
If the operator Aand B satisfy all the hypothesis of theorem

(3), then the operator equation (5) has a solution on B,.(0).

Step I: Firstly we show that A is Lipschitz on m Let
%,4 € B,.(0); then
Az () — Ay©)] < |f (620, 2(r(©)))
~ £ (ty®,30®))|
< k(t)max {lx(t) —
y®1|x(r®) - »(r®)[}

< k@®)]x(t) —y(t)| forallt € R,
Taking suprimum over t we get,

lAx — Ayl < [IK]lllx — ¢ll for all x, 4 € B,.(0)
Thus, A is Lipchitz on B,-(0) with Lipschitz constant K.

Step II: Secondly we show that B is completely continuous

operator on B,.(0) using standard argument such as those in
Granas at [4], it can be shown that B is continuous operator

on B,.(0). To do this, let us fix arbitrary € > 0 and take
x,4 € B,.(0) suchthat ||x —g| <e.

Jy (& =g (5,2(5), 2(u(s))) ds -
f e = )g (5 4(), (u(s))) ds
< |f0t(t —s)g (s,x(s),x(u(s))) ds| +
|f0t(t -s)g (S.y(s).y(u(s))) ds|
< J(t = h(s) ds + f,(t — $)h(s) ds <
2 [, (t — $)h(s) ds
< 2v(6),As v(t) < -, B (£) — By ()| < e.
Thus B is continuous.

B (t) — By ()| =

Now we will show that IBB(Br (0)) is uniformly bounded and
equicontinuous set in B,.(0) . Since g (t,x(t),x(u(t))) is

L — caratheodary, we have
Bz ()] = |5t = )9 (s,2(), %(u(s)) ) ds|
< fot(t —5) |g (s,x(s),x(u(s)))| ds <

J, (t = $)h(s)ds < v(t)
Taking suprimum over t, we obtain, ||Bx| < K; for all
x € B,.(0),

Where, K; = supier, {v(t)}. This shows that B(B,-(0)) is
uniformly bounded set in X.

To show that IB(B4, (0)) is an equicontinuous set, let t;,t, €
R, be arbitrary. Then for any x € B,.(0),

J- (t; —s)g (s,x(s),x(u(s))) ds —
B (t,) - Br (¢)] = [°

[ =99 (5.2, 2(u) ds

<

| "6, — g (52052, 5(u5))) ds

- fotz(tl —9s)g (s,x(s),x(u(s))) ds
+ Uotz(t1 —5)g (s,x(s),x(u(s))) ds

— fotl(tl —9s)g (s,x(s),x(u(s))) ds

<

ftz(tz —s)h(s)ds — ftz(t1 —s)h(s)ds

+

ftz(t1 —s)h(s)ds
_ ftl(tl - s)h(s)ds’

0
< IAllg {|f;°1Ct2 = 9) = (&2 = )ds| + |2t — 9)ds|}
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(t; —s)? 2 (t; —s)? &
o] o]

0 t
(t: — $)*]™?
5]

1
< “h”Ll {l_[(tz - tz)z - (tz - 0)2] - [_(tl - tz)z + (t1 - O)Z]l +}
T2 [_(tl - tz)z + (t1 - t1)2]

_ Ml

£ (1=t + ()% + (t, — )% + |—(t, — )1}

The right hand side of the above inequality doesn’t depend on
X and tends to zero.

Therefore |Bx(t,) — Bx (t;)| = 0ast; - t,.

Hence, IB%(B4, (0)) is an equicontinuous set and so IBB(Br (0)) is

relatively compact by Arzela-Ascoli theorem. As a
consequence, B is compact and continuous operator on

(B,-(0).
Thus B is completely continuous on (B4, (0)) .
Step III: To show x = AxBy = x € B,.(0),Vy € B,.(0)

Let x€X, and ¢ € B,.(0) such that x = AxBr, By
assumptions (K, H,, H3)
lx(@®)| = |Ax () B ()| < [Ax(O)||Bx ()]

< ”h“,cl{

< |f (t,x(t),x(y(t)))| |f0t(t —s)g (s,x(s),x(u(s))) ds|

< |f (t,x(t),x(y(t)))| fot(t —5) |g (s,x(s),x(u(s)))| ds
< F [, (t — s)h(s)ds < Fo (t)
Taking supremum over t on R,, we obtain |[|AxBx || < FX, ,
Vx € m
That is we have, ||x|| = ||[AxBx || < r, Vx € B,.(0).
Hence assumption (c) of theorem (2.3) is proved.

Step IV: Also we have
M = ||B(B,(0))| = sup{liBx l: x € (B,-(0))}

_ jsupfeuh st =929 (s, 2(5), 2(u())) ds]}
= sup
'x € (Br (0))
< sup {supteR+ U (t— s)h(s)ds] ‘X € (Br(O))}
0

< sup {supteR+ [v(@®)]:x € (Br (0))} <K

and therefore MK = KK; <1

Thus the condition (d) of theorem (2.3) is satisfied.

Hence all the conditions of theorem (2.3) are satisfied and
therefore the operator equation AxBx = x has a solution in

(BF(O)) . As a result, the SNDE (1.1) has a solution defined
on R, .Step V: Finally we show the locally attractivity of the
solution for SNDE (1.1). Let x and ¢ be two solutions of

SNDE (1.1) in (Br (0)) defined on R, . Then we have

() = 5 (®)] =
| (6.2, 2(r@))] [f5 ¢ = 9 (5, 2(), 2(u(5)) ) ds | -

£ (9@, 4(r@)] [ 1t = 9 (5,95, 4(u(s)) ) as]

|17 (620, 2(r)] [15¢e = )9 (5,252, 2 (u(s)) ) ]| +
|7 (£ 9, 4(r@))] [ S5t -
9 (5,50, 4(u(s)) ) ds]|

< |f (t,x(t),x(y(t)))| fot(t —s) |g (s,x(s),x(u(s)))| ds +
If (6:4®, 4 ©))] ;£ =9 |g (5,95, 4(u(s)) )| ds

<F J-(t —s)h(s)ds;+ F J-(t —s)h(s) ds

t

< 2F f (t — S)h(s)ds < 2F[v(¢)]

0
Since lim;_,, v(t) = 0 for € > 0, there is real number T > 0
such that

v(t) < % for all t = T. Then from above inequality it follows

that
[£(t) — ¢(t)] < € forall t = T. This completes the proof.

Existence of extremal solutions

A closed and non-empty set K
called a cone if

in a Banach Algebra X is

I. K+KcK

2. MKCESK for A eR,1=>0

3. {~K} n K = Owhere 0 is the zero element of X.
4. and is called positive cone if

5. KeKS K

And the notation o is a multiplication composition in X
We introduce an order relation < in X as follows.

Letx,4 € X thenx < ¢ ifand only if 4 — x € K. A cone K
is called normal if the norm ||| is monotone increasing on
K. It is known that if the cone K is normal in X then every
order-bounded set in X is norm-bounded set in X.

We equip the space C(R,,R) of continuous real valued
function on R, with the order relation < with the help of

cone defined by,
K={xeCR,R):x(t) =0Vt € R,} 4.1)

We well known that the cone K is normal and positive in
C(R,, R). As a result of positivity of the cone K we have:
Lemma/2]: Let pqi, P2, 41,9, € K be such that
and p, < g,then p1p; < 419,
For any p,q € X=C[R,,R),p <g
[, q] is a set in X given by,

[p.al ={x eX:p <x < g} (42)

Definition[2]: A mapping G:[p,g] > X is said to be
nondecreasing or monotone increasing if x < implies
Gx < Gy forall x, 4 € [p,g].

P1=4s

the order interval

For proving the existence of extremal solutions of the
equations (1.1) under certain monotonicity conditions by using
following fixed pint theorem of Dhage [2]
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Theorem 4.1 [2]: Let K be a cone in Banach Algebra X and
let [p,9] € X. Suppose that A,B:[p,g] > K are two
operators such that

1. A isa Lipschitz with Lipschitz constant «,
2. B is completely continuous,

3. AxBx € [p,g] foreachx € [p,g] and
4. AandB are nondecreasing.

Further if the cone K is normal and positive then the operator
equation AxBr = x has the least and greatest positive
solution in [p,q] whenever aM <1, where M =

IB([2. aDIl = sup{l|Bx ||: x € [, 4]}

We need following definitions and hypothesis for existence the
extremal solution of second order nonlinear differential
equation (SNDE) (1.1)

Definition: A function p € AC(R,,R) is called a lower
solution of the SNDE (1.1) on R, if the function t —
20 s continuous and
HTIOYI0))

»@)
f (t.p(t),;v(y(t)))

D? <g (t,p(t),p(,u(t))),a. e.,t €R,

x2(0)=0
Again a function g € AC(R,, R) is called an upper solution

of the SNDE (2.1.2) on R, if the function t — S R—
F(ta®.a(r®))

is continuous and
2 q(t)
f(t.a®),a(r®)

)‘2g(aqalqomﬂn,we”teR+

x2(0)=0
Definition: A solution x, of the SNDE (1.1) is said to be
maximal if for any other solution x to SNDE (1.1) one has
x(t) < xy(t) for all t € R,. Again a solution x,, of the
SNDE (1.1) is said to be minimal if x,(t) < x(t) for all
t € R, where x is any solution of the SNDE (1.1) on R,.

Definition: (Caratheodory Case)
We consider the following set of hypothesis:

B5) gis Caratheodory.
B6) The f (t, x(t), x(y(t))) and

g(t,x(t),x(u(t))) are non-decreasing in x  almost

functions

everywhere for t € R,.

B7) The SNDE (1.1) has a lower solution p and an upper
solution g on R, with p < g.

B8Y) The function [I: R, = R defined by,

1) = |9 (62O, 2(u®))| + |9 (t.a®,a(m®))| s

Lebesgue measurable.

Remark: Assume that (B6 — B8) hold. Then

|g (t,x(t),x(u(t)))| <I(t),a.e.t €R,, forall x € [p,q].

Theorem: Suppose that the assumptions (#s5)-(Hg) and
(B5 — BB) holds and [ is given in remark (4.1) further if
kT|lll;x <1 then SNDE (1.1) has a minimal and maximal
positive solution on R,.

Proof: Now SNDE (1.1) is equivalent to IE (3.1) R, . Let
X = C(R,, R) and define an order relation “<” by the cone K

given by (4.1). Clearly K is a normal cone in X. Define two
operators A and B on X by (3.3) and (3.4) respectively. Then
IE (3.1) is transformed into an operator equation AxBx = x in
a Banach algebra X. Notice that (85) implies A, B: [p,g] —
K Since the cone K in X is normal, [p, g¢lis a norm bounded
set in X. Now it is shown, as in the proof of Theorem (3.1),
that A is a Lipschitz with a Lipschitz constant K and B is
completely continuous operator on [p,q]. Again the
hypothesis (B6) implies that A and B are non-decreasing on
[#,g]. To see this, let x,4 € [p,q] be such that x < g.
Then by (B6)

Ax(®) = f (6 2(0,2(v(®)) < f (640, 4(r(®))
=Ay(t), vVt e R,
Similarly,
Bx (t) = fot(t —s)g (s,x(s),x(u(s))) ds

< [yt =99 (5. 4() 9(u(s) ) ds <

By (t),Vt € R,

Implies that A and B
[,g]. Again definition (2.5.2.1) and hypothesis
implies that

p) <
f(t2®,2((®)) [t =g (s 2(), p(u(s))) ds

are non-decreasing operators on

(B7)

<f (t,x(t),x(y(t))) fot(t - s)g (s,x(s),x(u(s))) ds

< f(t.a®,a(r®)) ;¢ - )9 (5,a(5), 4 (u())) ds
< g(t),vt € R andx € [p, g]
As a result p(t) < Ax(t)Br(t) < g(t),Vt e R, and

x € [p,q]
Hence AxBx € [p,q],Vx € [p, g]

Again M = |IB([, gDl = sup{l|Bx ||: x € [p, g1}
< sup {suptER+ fot |(t —5s)g (s,x(s),x(u(s))) ds| ix €

7, @]}

< sup {TsupteR+ J: |g (s,x(s),x(u(s))) ds| 1x € [p, @]}

< T [, 1(s)ds < T|lUll1,Since aM < KT ||l||2 < 1

We apply theorem (4.1) to the operator equation AxBr = x
to yield that the SNDE (1.1) has minimum and maximum
positive solution on R, .

This completes the proof.

Example

Example: Consider the following second order nonlinear
differential equation of type (1.1)

Dz x(t) — t
cost[lfit()t)+e‘f] t5[1+x(4t)] (1)

x2(0) =0,Vt E R,
Solution: Here,

f(t2®),2(r(®)) =
cost[:it()t) + e‘t],g (t,x(t),x(u(t))) = m

andy =t,u =4t
(H;) The functions y = t, u = 4t are continuous on R, .
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@) Let, | (620, 2(r®)) = £ (640, 4 (r®)))|

= ‘{cost [116;;)(1:) + e‘t]} - {cost[l%;;)(t) + e‘t]}
x(t) y(t)

120 1-40
2Oy + 20 —y@) — 2Oy )|
Oy —xO -y +1 |
< |cost|x(t) — ¢ (O)]
< k(®)|x(t) — ¢ (Ol
< K|x(t) — ¢(t)|, Since K = cost say which has bound K
bounded on R, .

= |c0oSs

< |cost

(H3) Take h(t) = ri‘* , it is continuous on R, .

. t 1
g (t,x(t),x(u(t))) < h(t), That is m = t_4'
(H,)Now v(t) = fot(t — s)h(s)ds = fot(t —5s)s7*ds =

[e-9Z], - e (S)as
= _ig{(t -3 = (t—0)07%} - %{[%];} -
SO - {57 -0

1
:—7—+0a5t—>w
6t

It follows that all the conditions (H;) — (#,) satisfied.
Thus by theorem (3.1) above problem has a locally attractive
solution on R,.

CONCLUSION

In this paper we have studied the existence the lacally
attractive solution and its extremal solution of second order
nonlinear differential equation. The result has been obtained
by using hybrid fixed point theorem for two operators in
Banach space due to Dhage. The main result is well illustrated
with the help of example.
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