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In this paper, we study the explicit representation and convergence of weighted (1; 0, 2)-
interpolation on infinite interval, which means to determine a polynomial of degree

< 35 —1 when the function value are prescribed at the zeroes of /1 n (x) and its derivative

H n (x) respectively with certain conditions where /1 n (x) stands for Hermite polynomial.
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INTRODUCTION

J. Balazs and P.Turan” introduced weighted (0, 2)

interpolation on the zeroes of n" ultraspherical polynomial
a+l

P(a)(x) (o > -1) with weight function f(x) = (1- xz)T. He

proved generally there does not exist any polynomial of degree
< 2n-1 satisfying the condition.

Rn (xi,n) = ai,n (pRn)"(yi.n)) = ﬁi,n

where,, and f3, are given real numbers under the

condition
Rn (0) = z ai,nliz,n (0)7
i=1

where li’n represent the Lagrange — fundamental polynomial,

corresponding to nodal point X, he proved that there exist a

unique polynomial of degree < 2n where n is even (if n is odd
then uniqueness fails). He gave the explicit form of this
polynomial and proved the convergence theorem.His study
was extended by L. szili®) he considered the roots as the

th : .
zeroes of n"" hermite polynomial H , (x)for neven.

*Corresponding author: Dhananjay Ojha
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[7]

In another paper Srivastava and Mathur' ' study the mixed type

weighted lacunary(0; 0 2) — interpolation on zeroes of H, (x)
and H,;(x) P. Mathur and S. Dutta™alsostudied mixed type (0

2; 0) weighted lacunary interpolation onzeroes of /, (x) and
H | (x) Let theinterscaled system of nodal points,
—0 <X <Y <X, <), <... <X, <V,q <X, <t

where {xk }Zzl and {yk }Z: be zeroes of H (x)and H (x)
where

H,(x)=(=1)"e" {e }™ "

the fundamental polynomial of Lagrange — interpolation are
given by,

H,(x)
[L(X)=——""k =1,...., 2
T ) " ”
e
Lk(x):¢ k=1,., n-1 3)

H,(x)(x = y,)
The problem- In this paper we study the following weighted
(1;0,2) interpolation —Let n be even then for given

ok

arbitrary numbers {g % }Z: , {g: }Zzl , {g i }Zzl , there exist a
unique polynomial R, (x) of degree < 31 —1 such that,
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{R;;()’k) =g,k=1..,n
Rn(‘xk) = g;t,k = 1,...., n

2
X

e 2 Rn(x)

4)

= gz*,k =1,..,n

X:Xk

=g L2 (0)H (0
and RH(O) ng ( ) n( )
= Ve, (v

For 11 odd, R, (X) does not exist uniquely. Precisely we shall
prove the following-

Theorem 1. For n even,

n-1 n n
R,(x) =Y g4 () + D gB.(0)+ D g C(x) (5
Such that " " "
K- F BEOLO

=1 H, ()
Where 4, (x),k =1,...,n—1land B, (x), k=1,...,
the fundamental polynomial of first kind and, C,(x),

k=1,....,
of weighted (1;0,2) - interpolation. Each such fundamental

n are

n are the fundamental polynomial of second kind

polynomial of degree at most 37 —1 is given by

LBWH,E)  H,E 2B (x
A 29 H,(v0) 2v.H,(v)4 J LOL (d + 5,()
| ©)
B, (x) = w 7, j 6, 1)+ 1L O (Ot —< 7 OxF —4n+3)C, ()
H, (x)  2H, (x,)
(7
=4 H,() j L(OH, ()t ®

2H, (x,)

Where /[, (x) and L, (x) are given by (1.2) and (1.3)

respectively.

Theorem 2. Let the interpolated continuous function
f R — Ris continuously differentiable, f(0)=0 such
that

XZ

Lim x”f(x)e 2 =0,r=20,1,2,3,...

|x|—>

and

(€))

xZ

Lim [ (x)e B

EE

=0

Further, let the numbers §k satisfy the condition

2 ' 1
=0|Vne¥ | fi—1|]|, (10)
[ (f IU
k=1,..,n-1
and 0 < 6 <1, such that
L; (0)H (0
R (f,0)= Zf(xk) 04,©) , satisfy the relation
k=1 v, (yy)

R,(f,x)= f(x) |=0n) w(f-;%)’vﬂ (11)

Which holds on whole real line and O does not depend on X
and 7.

Remark

@(f,0) denotes the special form of modulus of continuity
introduced by G. Freud given by

olf,8)= iugup(x +10) f(x+0) = p(x) f ()] +[[e(S)p(x) £ ()] (12)

Where T(x) = |x|, for |x|£

1, for |x | > 1
and||. || denotes the supremum norm in C(R),if
feC(R)and
Lim p(x)/(x)=0=> Lima(/.5)=0 (13)
Preliminaries

In this section, we give some preliminaries, which we shall use
in sequal.

H, (x)-2xH, (x)+2nH, (x)=0 (15)
H, (x)=2nH,  (x) (14)
0 j*k
lk(xj)z for k,j=123...n (15)
L
H,(x;) j#k
L) =1 H,(x)(x; = x;) (16)
X, J=k
0 J#k
L,(y,)= for k,j=123...n-1 (17
1 j=k
H, (7)) j#k
L'k(yj)_ H;(yk)(y_/_yk) (18)
X, J=k
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For roots of /1, (x) we have

2
x; K k=1,...n (19
n
L.Szili proved
‘x,f—1|:eﬁ"50<ﬂ<1 (20)
X ]
xe ? P,(x)| = O(Wm)a(f 7 1)
n
A 1
e 2 |P/(x) = 0Wma(f ) (22)
n

Also we have
2

1 X
H,(x) = O{n_4\/2”n!(1 + W)ez}x e R (23)

2

0<o<l,k=1,...n

Xk

1 o
' — 0
|Hn(xk)|2 cN2" nlnte 2

(24)

_Lognd
H, (y,)>c,N2" " nn " 0<s<l, k=1,..,n-1
(25)

f H,(WH,(x) _H,(WH,(x)-H,(»DH,(x) (26)
P 200! 2"(n =D (y—-x)
At y =X, ,we have

ESE2¢9)
()| = QW2 e 2 vy >Tand k=1on 27)
H, (x,)
vi(x2+X})
Il il = o2 ' ntlog(n)ne > v, >land k=1,....n
0 ! H: (x,)
(28)
ACR2)
2"nle
|Lk(x)|:0 YN vV, >land k=1,....,0n—1
VnH; (v,)
(29)
fLyai|- QW2 D ogtnne >y, > Tang
0 H,(y:)
e i = 0 fn) where £>0 G1)
k=1
n ecfx,z 1
—=0 I where 0 <6 <1 (32)
= H (x,) 2" n!
2 -t
"n?  n=1,23... (33)
n+l

Proof of Theorem 1
Let

R=S g A+ eBm+ e )+ DH,x) (Y

where A4, (x), B, (x), C,(x)are polynomials of degree

< 3n—1 ,from condition (1.4), one can see that-

1 j#k
A )=1 for

0 j=k
J=leon-14,(x;)=0,j=1..n (35)

and

{ezAk (x)J =0, =1..,n

J

0 j#k
B.(y;)=0j=1l..,n—1; B (x,)=1 for

1 =k
j=1..n (36)

and

[esz (x)J =0, =1.n

J

C(¥)=0j=1,n-1:C,(x,)=0 j=L..,n (37)

and

2 " 0 j#k
[e_ 2C, (X)J =< for
x=X; 1 /

To determine C, (x), let
C,(x) = CH, () [ L () H, (t)dr (38)
0

Where Cl is a constant. C X (x)is a polynomial degree

< 3n —1 and obviously it satisfies conditions (3.4), provided
X

eZ

C=—7—
2H, (x,)
To determine B, (x), let

B, ()= CH, (0, ()~ CoH, ()] {C.tt (04 1 O, (0t - €4, (x

Where C,, C;, C, are arbitrary constants.
Obviously,
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0 Jj=#k

Bk(x_/)z For j=1,...nand B,;(y_,)=0,
1 j=k

j=L..,n-1

which gives
1

C,=—— (39)

’ an (xk)

one can see that

e PH)(ML(x)| =H](x)e?

{6i1, () + 1 () for j # &

{2H%w@) =H}(x,)e*

{Ox2 —4n+3)+ 61, (x,)+1; (x,)for j =k

2

Obviously for 773 L (X) =0 gives
Ce— ' € =6amdC, = e’% (9x% —4n+3)
CO2H(x) 5 ‘

proof of Ak (x) follows on the same lines as B, (x)so we
omit the details.
If nis even, H, (0)#0so (3.1) at x=0, owing to the last

condition of (1.4) gives D=0
Which completes the proof of theorem.

Estimation of the fundamental polynomials

Lemma: For x € (—00,+00) we have

w3 r

de?|C,(x)|=0m?)e™ y>1

k=1
Proof: From (1.2) it follows
We have

o2
C(x)=—F—H,(x) j 1 (OH . (t)dt
2H, (x,)

elian(x){lk ()(x—x, ), (x) =1, (0)}+ j I} (t)dt
4H (x,) 4H, (xk
Thus

2 2 v e |H (D), ()= x )0 (0 =1,(0) &
2 C <
;e «()= k=1 4‘Hn (x, )‘ ’ =1
j 12 (t)dt
4‘H (x)] o

owing to (2.7),(2.10),(2.10)(2.19) and (2.22) we get the
lemma.

Lemma: For x € (—0,+00) we have
nooxk L
Z e? |Bk(x)| =0(n?)e”™

k=1
Proof.It follows from (1.2),(2.1)

y>1

H, L) H,)

W 2w {3& (IH, ()—H,0)+6nH, (90 X))~ (0))*6nj0.1k OH, Odr=

B.(x)=

|H, (x|

5 {l; ) —x,), (x) =1, (0)-3 j 12 @dt+1, (x)(, (x) -1, (0)}:l+e£ 9x; —4n+3)C, (x)
0

we have

e H” (x)‘l (x)‘ 3 & e?

Selnm -3 23

(%) H, (xk )

(Lo, 0d

0

i
e ? ‘Hn (x)‘
n

+3nz":e2H (x)\z (x)— 1(0)\

\H () SR AEN
ACRAIE < el

k=1 Hn (xk )‘ 4 k=1 H;l(xk )‘
1 e \9xk 4n+3Hc )|H, ()|
44 )‘ iy )‘
Using 2.7, (2.10),(2.11),(2.12), (2.13), (2.15), (2.18),
(2.19),(2.23) and Lemma 4.1,we get the lemma.
Lemma: For x € (—00,+00) we have
noxi LI
D e 4 (x)|=0(n)e"
k=1
Proof.By (1.3) it follows
A, (x)=

H (x L (x)H  (x
¢ {Li (%) _Li (0)}+M+ B, (%)
4y H,(y) 2y H,(y,)
Thus
o ok de? HO-L0) 1 @lH,e|L (x)‘ o,

24, B,
e’ s Z WlH, ) +2; IR I

Using (2.7), (2.10), (2.18), (2.19) and Lemma 4.2 we get
required Lemma

Theorem (G. Freud [3]).Let f R — R be continuously
differentiable. Further let
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Limx™ p(x) f(x)=0, r =0,1,2....and

Limp(x) [ (x)=0
Then there exist polynomials P, (x)of degree< 7 such that

P f(x) = P, (x)| = 0(%}0)& | %j XeR (40)

and

PE|f ()= P, (x) = O(I)a{f';%} xeR (@)

Szili establish the following

p(x) (42)

P (x)=0()|

where @ stands for modulus of continuity defined by (1.12)
and po(x)is the weight function.

Proof of Theorem 2

Since R, (x)given by (1.5) is exact for all P, (x)of degree

<3n-1, wehave

P (x)= 2 P (y, )4, (x)+ Z P,(x, )B, (x)+ i[egP” (x)} C,(x)+d,H,(x)H,(x)

(43)
Where
1 ! <P (y,)L (0)H ,(0)
d,=7—"—7|P0)- — (44)
(#(0)) { zl veH,(v,) }

One can easily see that

R, ()~ f(x)=0(e™ ){

e

B0 = 100+ | ()= P )4, o)

) - P 0|y (x)i{ak [eZP,I (x)} }ck )+
k=1 k=1

Thus from (5.1),(5.2),(5.3),(1.10), (2.1).
(2.9),(2.10), (2.19), (2.11),(2.20),Lemma 4.1,
Lemma 4.2,Lemma 4.3 and (6.2) completes the proof.

d,H,(0)H, (x)}

(2.2).2.8),
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