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Let G = (V, E) be a simple connected graph. A partition 1 = {V;, V, V;...,Vy } is called
a resolving partition of G if for any u e V(G), the code of u with respect to i (denoted
by ¢, (u) ) namely (d(u,V; ),d(u, V,),....,d(u, Vi )) is distinct for different u € V(G) where

d(u, V)= min{d(u, x) / x € V; }. The minimum cardinality of a resolving partition of a
graph G is called the partition dimension of G and is denoted by pd (G)[2]. Several types of
resolving partition have been considered like connected resolving partition [7], metric
chromatic number of a graph (that is, independent resolving partition) [4], equivalence
resolving partition [6] etc. A new type of resolving partition called isolate vertex resolving
partition was introduced in [5].This partition is a generalization of an independent resolving
partition. A detailed study of this partition is done in this paper.

Copyright©2018 Hemalathaa S et al. This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

INTRODUCTION

Definition: [2] Let G = (V, E) be a simple, finite, connected
and undirected graph. A partition [T = {V}, V2,..., Vi} of V
(G) is called a resolving partition of G if the code

crp(uw) = (d(u, Vy), d(u, V,),..., du, Vy)) is different for
different u € V (G) where d(u, V;) = min{d(u, x)/ x € V;}. The
minimum cardinality of a resolving partition of a graph G is
called the partition dimension of G and is denoted by pd (G).

Definition: [5] Let G = (V, E) be a simple, finite, connected
and undirected graph. Let [[= {V, V,,...,Vi} be a partition of
V(G). If each <V;> contains an isolate and if [] is a resolving
partition, then [] is called an isolate vertex resolving partition.
The trivial partition namely

I[1T= {{u}, {w},enn. ,{us} } where V(G)={uy, uy,..., u,} is
an isolate vertex resolving partition. The minimum cardinality
of an isolate vertex resolving partition is called the isolate
vertex partition dimension of G and is denoted by pd;, (G).

Definition: A double star is a graph obtained by taking two
stars and joining the vertices of maximum degrees with an
edge.

Remark: [5] Every independent resolving partition is an

isolate vertex resolving partition. Therefore, pd;(G) < ipd(G) <
pd(G).

*Corresponding author: Hemalathaa S
Department of Mathematics, The M.D.T. Hindu College,
Thirunelveli- 627010, Tamilnadu, India

Characterizations

Lemma: Let G be a connected graph with pdi; (G) =n = |V
(G)|. Let a pendent vertex x be attached at a single vertex of G.
Let H be the resulting graph. Let G =<V > + <V,> where
<V;> and <V,>are connected and diam(< V>), diam(<V,>)
less than or equal to 2. Let x be attached to u;€V,. Then
pdis(H) = [V (H)| - 1 if and only if any pd;s - partition [] of H
containing a set W with xe W and |W| > 3, there exist y, ze W
such that y and z are non-adjacent.

Proof: Suppose the condition of the hypothesis in the theorem
is satisfied. Suppose pd;s(H) = [V(H)|-1. Then no pd;s- partition
of H can contain a set W with [W| > 3. Conversely, suppose
any pd;, - partition [ of H containing a set W with xeW, and
|[W| > 3, then there exist y, ze W such that y and z are non-
adjacent. Then pdi; (H) < [V (H)| - 2. Let [T = {W,, W,, ..., W}
be a pd;; - partition of H, where r < |V (H)|- 2. Let [W;| > 3. Let
xeW;. Let uj, u; € W; n V (G) be non-adjacent. Then [], =
{W1, W,,... {u;, up}, all singletons omitting x}. {x, u;, up} is
an element of [] and hence u;, u, are resolved by some W; c
V(G). Therefore [I; is an isolate resolving partition of G.
Therefore pdi(G) < |[1;] £ n— 1, a contradiction. Therefore, pd;s
(H) = |V (H)- 1. *

Remark: The condition that there exist y, ze W with || > 3,
xe W and y, z are non-adjacent cannot be dropped.
For,
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Let [T = {{x, uy, us}, {u;}, {w}, {us}}.Then cp(x) = (0, 2, 2,
1), eri(ug) = (0, 1, 1, 1), cp(us) = (0, 1, 1, 2).

Lemma: Let G be a connected graph with pd; (G) =n = |V
(G)|. Let a pendent vertex x be attached at a single vertex of G.
Let H be the resulting graph. Let G = <V >+ <V,>where
<V>and <V, >are connected and diam(<V>), diam(< V, >)
less than or equal to 2 and neither < V> nor < V,> contains a
K3 with a pendent vertex. Let x be attached to u;eV,. Then
pdis(H) = [V(H)|- 1 if and only if any pd - partition [T of H
containing exactly two two-elements sets W;, W, each with
cardinality 2 such that xeW, and x is adjacent with exactly
one element, (say) u; of Wr={u,, uz} < V(G), then either u, is
adjacent with u;e W,— {x} or us is adjacent with u; or both u,
and u; are adjacent with u;.

Proof. Let x¢ W UW,. Then W, W2 < V (G). Since []
contains exactly two two- element sets, { x } €[]. Since x is
adjacent exactly one vertex of V (G), both W; andW, cannot
be resolved by x. Therefore, atleast one of W, W, is resolved
by a set W3 V (G). Therefore, [T — {x} is an isolate vertex
resolving partition of G. Therefore, [[ - {x} < n — 2, a
contradiction.

Let xe W,. (similar proof if x € W,). Let W = {x, u;},
W, = {uy, us}.

Case (i): x is not adjacent with u, as well as us.

Then either W, is resolved by u; or by any set in [ which
contains only elements of V(G). In any case, [ - {x} is an
isolate vertex resolving partition of G, a contradiction.

Case (ii): x is adjacent with exactly one of u,, u; (say) us.

That is x is adjacent with u;, x is not adjacent with u,. By
hypothesis, either u; adjacent with u, or adjacent with u; or
both.

Subcase (i): u; is adjacent with u,.

Then {u,, us} is not resolved by {x, u,}. Therefore there exist
some set of [] containing only elements of G which resolves
{u,, us}. Therefore, [T - {x} is an isolate resolving partition of
G, a contradiction.

Subcase (ii): u; is not adjacent with u,. Then u,; is adjacent
with u;. Therefore, W;- {x} resolves W,. Therefore, [1 - {x} is
an isolate resolving partition of G, a contradiction. *

Remark: The condition that either u, is adjacent with u;e W;-
{x} or u; is adjacent with u; or both u, and u; are adjacent with
u; cannot be dropped.

For,

H

Let [T ={{u;, x}, {up, us}, {ua}, {us}, {us}, {us}}.Then cp(uy)
=(0,2, 1,...), c(x) = (0, 1,2,... ), cry(uz) = (2, 0, 1,... ), cr(x)
= (1, 0, 1, ... ).JI is an isolate resolving partition of H.
Therefore, pdi, (H) < [[[|=6=8-2=|V (H)|- 2.

Let [T= {{wi}, {uz, us}, {ws}, {us}, {u}, {us}}.Then [] is not
an isolate resolving partition of G.

In fact, pd;s (G) = |V(G)| = 7. In this example, u; and u; are not
adjacent with u,.

Remark: Let G be a connected graph. If two independent
vertices say X, X  are resolved by a vertex of G and for any
two independent vertices say Xz, Xqwith {X3,x4} # {X1,X2},
x;and x4 are not resolved by any vertex of G, then pdi(G) <
n—1

Proof: Obvious.

Lemma: Let G be a tree. pdis(G) =n — 1 if and only if G = P,.

Proof: Let G be a tree and let pdis(G) =n — 1 . Then diam(G)
< 3. If diam (G) = 1 then G = K; and pdii(G) = 2 , a
contradiction. If diam(G) = 2, then G is a star and pdi(G) =
[V(G)|, a contradiction. Let diam(G) = 3. Then G is a double
star D, ;. Ifr=s =1, then G =P, and
pdis(G) = 3 = [V(G)| — 1. If r (or) s = 2, then pdis(G) = 3 =
[V(G)| -2, a contradiction. Therefore, if G is a tree and pdi(G)
=n-1, then G =P,.
The converse is obvious.

*

Lemma: Let G be a unicyclic graph. Then pd;(G) = n—1 if and
only if G = K;with one or more pendent vertices at a single
vertex or C,4 with a pendent vertex.

Proof: Let G be a unicyclic graph with pd;; (G) = n — 1.
Suppose diam (G) > 4. Let vy, v,, V3, V4, Vs be an induced path
of length 4 in G. Then [ ={{vy, v3}, {Va, v4}, {Vvs}, singletons}
is an isolate vertex resolving partition of G. Therefore, pd;(G)
< n- 2, a contradiction. Therefore, diam (G) < 3. If G contains
C, (n > 8), then diam (G) > 4, a contradiction. Suppose G
contains C;. Then there is no path attached at any vertex of C,,
since diam (C;) = 3. If G = C;, then pdi(G) < 5, a
contradiction. Suppose G contains C4. Then also there is no
path attached at any vertex of Cg. pd;s (Cs) < 4. Suppose G
contains Cs. If G = Cs, then pds (G) = 3, a contradiction. If G
contains Cs and a pendant vertex, then diam (G) = 3 and
pdis(G) < 4, a contradiction. Suppose G contains Cy. If G = C,,
then pd;; (G) = 4, a contradiction. If G contains C, and a
pendent vertex, then diam (G) = 3 and pdi; (G) = 4. If G is Cy
with two pendent vertices one each at two vertices of C, or two
or more pendent vertices at a single vertex of C,4, then diam
(G) =3 and pd;s (G) < | V(G)| —2. Suppose G contains Cs. If G
= (s, then pd;s (G) = 3, a contradiction. If G is C; with one or
more pendent vertices at a single vertex, then pd;; (G) = 3. If G
is C; with a P, attached at a vertex, then diam (G) = 3 and pd;,
(G) < 3, a contradiction. If G is C; with two pendent vertices
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attached one each at two vertices of Cs, then pd (G) < 3, a
contradiction.
The converse is obvious. *

Result: pdi; (G) < n — 1 if and only if for any partition of V(G)
into V1,V, such that

G=<V>+<V,> if <V3>isconnected, i€ {1, 2} then diam
(< V;>) >3 orif < V> is disconnected, then there exist an
edge in < V;> or < V;> is connected and contains a K; with a
pendent vertex as an induced subgraph.

For, Let us consider the following graph G.

Let [T ={{u), us}, {uz}, {us}, {us}, {ue}, {us}}.Then cp(uy) =
0,1,2,1, 1, 1); epg(ug) = (0, 1, 1, 1, 1, 1). IT is an isolate
resolving partition of G. Therefore, pd;; (G) < n—1.

Theorem: Let G be a connected graph. Then pd;; (G) =n -1 if
and only if either for any three vertices u;, u,, u; such that <
{u;, wp, uz}> is disconnected, d(u;, v) = d(u,, v) for any

v eV (G), v ¢ {uy, uy, u3} or d(u,, v) = d(us, v) for every v eV
(G), v ¢ {uy, uy, uz} or d(uy, v) = d(us, v) for every v eV (G),
v ¢ {u;, uy, u3} or for any four vertices uy, u,, u;, uy such that
u; and u, are not adjacent, u; and uy are not adjacent and
d(uy, v) = d(uy, v) for every v €V (G), v # ug,u, and d(us, v) =
d(uy, v) for every v € V (G), v # u3,u4 and G is such that for
any partition of V(G) into subsets V; and V,, either G # < V>
+<Vy>orif G=<V;>+<Vy,> thenif<V;>1i=1o0r2is
connected, then its diameter greater than or equal to 3 or if
<V;> is disconnected, then there exist an edge in < V>.

Proof: 1f G satisfies the conditions in the theorem, pd;s (G) # n
and pd;; (G) > n — 2. Therefore

pdis (G) =n — 1. If pd;s (G) = n — 1, then the conditions of the
theorem are obviously satisfied. *

Paths and Cycles
Theorem: pd;s (G) =2 if and only if G = P,.

Proof: Let pdi(G) = 2. Let = {V,, V,} be an isolate vertex
resolving partition of V (G). Suppose |V (G)]= 3. Let V| = {u,,
Uy,... ,u ) and V, = {v|,v,,..., v;}. Since is [] an isolate vertex
resolving partition, d (u;, V,) is different for every i and
d (Vy, w) is different for every j. since | V (G) |> 3, at least one
of Vi, V; has at least two elements. Let [V,| > 2. Then there
exist a vertex u € V; such thatd (u, V,) > 2. Letd (u, V) =r
> 2. Let u, Wi, Wa,... ,w.,vj be the shortest path from u to V..
Then wi, wa,... ,w,_1€V. d (vj, Vi) = 1.Let x be an isolate of
V1.Then d(x, V,) = 1.That is there exist y € V, such that d(x,
y) =1.Clearly, x & {u;,w;,W,..,W,;}.Therefore, d(v; , V,) =
d(y, Vi) = 1. If vj# y, then vj and y are not resolved. If v; =
y,then x and w,_; are not resolved, a contradiction. Therefore
[V (G)| £ 2. Clearly, |V (G)|=2. Thatis G = P,. The converse
is obvious. *

3ifn>3

Proof: Obviously pd;s (P,) = 2, pd;s (P3) = 3 = pdjs (Py).
Letn>5.Let V (P,) = {u;, uy,...,u,}.

Theorem 3.2. pd;(P,) = { 2ifn=2

Let [T = {{uj,u4, ugus,...}, {usus,us...}, {us}}. Clearly, [T is
an isolate vertex resolving partition of P,. Therefore pd; (P,) <
3. If pdis (P,) = 2, then n = 2, a contradiction by previous

theorem. Therefore, pd;(P;) = 3.
*

Theorem: Let n > 3. Then pdis (C,) = [ 3ifn#4

4ifn=4

Proof. It can be seen that, pd; (C;) = 3, pdis (Cy) = 4.

When n = 5, [[ = {{1, 3, 4}, {2}, {5}} is an isolate vertex
resolving partition of G. Therefore,

pdis (Cs) < 3. But pd;s (G) = 2 if and only if G = P,. Therefore,
pdis (Cs) = 3.

Letn>6.

Case (i): Whenn=06k, k> 1.

Subcase(i): k is even

Let [1={{1,4,6,8,...,3k, 3k +2,3k+3,...,6k—1},{2,5,7,
9,...,3k + 1,3k + 4, 3k + 6,....6k}, {3}}. Then [ is an isolate
vertex resolving partition of G. Therefore, pd;s (Cer) < 3. But
pdis (G) =2 if and only if G = P,. Therefore, pd;s (Cg) = 3.
Subcase(ii): k is odd.

Let [T1={{1, 4,6,8,..., 3k+1, 3k+3, 3k+4, 3k+6,... , 6k—1},{2,
5,7,9,..., 3k, 3k+ 2,3k + 5,..., 6k}, {3}}. Then [] is an isolate
vertex resolving partition of G. Therefore, pd;i(Cer) < 3. But
pdis(G) = 2 if and only if G = P,. Therefore, pd;s (Cex) = 3.

Case (i1)): Whenn=6k+1, k> 1.

Subcase(i): k is even.

Let[T= {{1,2,5,7,..., 3k+3, 3k+5,..., 6k+1}, {3, 6, 8, 10,...
, 3k+4, 3k+6,..., 6k}, {4}}. Then [] is an isolate vertex
resolving partition of G. Therefore, pdis (Cers1) < 3. But pd;
(G) =2 if and only if G = P,. Therefore, pd;s(Cgr+1) = 3.
Subcase(ii): k is odd.

Let[1={{1,2,5,7,..., 3k+4, 3k+6,... ,6k+1}, {3, 6, 8, 10, ...,
3k+3, 3k+5,... , 6k}, {4}}. Then [I is an isolate vertex
resolving partition of G. Therefore, pd;s(Cer+1) = 3. But pdi(G)
=2 if and only if G = P,. Therefore, pd;s (Cg+1) = 3.

Case (iii): When n = 6k+2, k >1.

Subcase(i): k is even.

Let ={{1,4,6,8,... 3k +4,3k+5,3k+7,... .6k + 1}, {2, 5,
7,9, ...,3k+33k+6,..., 6k + 2}, {3}}. Then [ is an isolate
vertex resolving partition of G. Therefore, pd;s(Cerio) < 3. But
pdis(G) =2 if and only if G = P,. Therefore, pd;; (Ceir2) = 3.
Subcase(ii): k is odd.

Let [[={{1,4,6,8,... 3k + 3,3k + 4, 3k + 6,...,6k + 1},{2, 5,
7,9, ...,3k+23k+5,...,6k+ 2}, {3}}. Then [] is an isolate
vertex resolving partition of G. Therefore, pdis(Ces2) < 3. But
pdis(G) =2 if and only if G = P,. Therefore, pdis (Cerin) = 3.
Case (iv): When n = 6k+3,k > 1.

Subcase(i): k is even.

Let[I={{1,4,6,38,..., 3k+4, 3k+6,... , 6k+2}, {2,5,7,9,...
,3k+3, 3k+5, ... 6k+ 3}, {3}}.Then [I is an isolate vertex
resolving partition of G. Therefore, pd;s (Ceri3) < 3.

But pdis(G) = 2 if and only if G = P,. Therefore, pd;(Cex+3) = 3.
Subcase(ii): k is odd.

Let[1= {{1,4,6,8,...,3k+3, 3k+5,...., 6k+2}, {2,5,7,9,...
, 3k+4, 3k+6,... , 6k+3}, {3}}. Then [] is an isolate vertex

resolving partition of G. Therefore, pd;s(Cers3) < 3. But pdi(G)
=2 if and only if G = P,. Therefore, pd;s (Cgys3) = 3.
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Case (v): When n=6k+4,k> 1.
Subcase(i): k is even.

Let [I= {1,4,68,... , 3k+2,3k+43k+53k+7,.... 6k +
3},{2,5,7,9,... , 3k+3,3k+6,3k+8, ..., 6k+4},{3}}. Then [] is
an isolate vertex resolving partition of G.Therefore, pds (Cex+4)
< 3. But pdi; (G) = 2 if and only if G = P,. Therefore,
pdis (Cexi4) = 3.

Subcase(ii): k is odd.

Let [I={{1,4,6,8,... ,3k+3,3k+5,3k+6,3k+8,..... 6k +
3},{2,5,7,9,... ,3k+2, 3k+4,3k+7, ...,6k+4}, {3}}. Then [] is
an isolate vertex resolving partition of G.Therefore, pds (Cey+4)
< 3. But pdis(G) = 2 if and only if G = P,. Therefore, pd;
(Coira) = 3.
Case (vi): When n = 6k+5, k> 1.
Subcase(i): k is even.
Let [T = {{1, 4, 6, 8,... , 3k+4, 3k+6, ...., 6k + 4} {2, 5, 7,
9,..., 3k+5, 3k+7,..., 6k+5}, {3}}.Then [] is an isolate vertex
resolving partition of G. Therefore, pd;s (Cexrs) < 3. But
pdis (G) =2 if and only if G = P,. Therefore, pd;s (Cgiss) = 3.
Subcase (ii): k is odd.
Let [[={{1,4,6,8,... ,3k+3, 3k+5, 3k+7, ...., 6k + 4}, {2,5,7,
9,..., 3k+2, 3k+4, 3k+6,..., 6k+5}, {3}}. Then [] is an isolate
vertex resolving partition of G. Therefore, pd;s (Cgss) < 3. But
pdis (G) = 2 if and only if G = P,. Therefore, pd;s (Cg+s) = 3.

*

Let H = {Connected graphs G of order n > 3 such that H =G —
{v} is a complete multipartite graph for some vertex v of G}.
Let F = {G € H satisfying one of the following properties (i)
For every integer i, with 1 <i< k, a;e {0, n;} and there are at
least two distinct integers j, j', 1 < j, j’< k for which a; =3’ =0
(i1) There is exactly one integer j with 1 <j <k such that

0 <a;<njand a;=n; — 1, for this integer j. Let G = {G = G, +
2k, where G, is a complete multipartite graph of order n — 4 >
1}.

In [3], Graphs of order n containing an induced complete
multipartite subgraph of order n — 1 are used to characterize all
connected graphs of order n > 4 with locating chromatic
number n — 1.

Theorem: pd;; (G) = n — 1 if and only if either G € G or G is
obtained from a complete multipartite graph H with k-partite
sets k > 2 and joining a vertex v to all but one vertex of H and
there exist two vertices in the partite set of H which contains
the unique vertex non-adjacent with v.

Proof: Suppose pd;s (G) = n — 1. But pd;(G) < ipd(G) < pd(G).
Therefore ipd (G) =norn - 1. If ipd (G) = n, then G is a
complete bipartite graph. Then pdi(G) = n, a contradiction.
Therefore, ipd(G) = n— 1. Therefore, G € HU G.

Conversely, suppose G € HU G. If G € G, then pdi(G) =n —
1. Suppose G € F. If the defining property (i) for graphs in F
is satisfied by G, then pdi(G) < n — 1, a contradiction.
Therefore G is a graph in F for which the condition (ii) is
satisfied with the additional constraint that there exist 2
vertices in the partite set of H which contains the unique vertex
non-adjacent with v. *

Bounds on Isolate Vertex Resolving Partition

Theorem: Let G be a connected graph of order n > 5
containing an induced subgraph

H e {2K,U K, P,u P3, PoU K, Ps, Cs, Cs + e, Hy, Hy, H3}
where

Then pd;s(G) <n-—2.
Proof: Suppose H=2K, UK,

1 3
®

H: I
°
2 4

Let IT = {{1, 3}, {2, 4},...., {n}}.Then cp(1) = (0, d,, ds,
dipeondn), a3 = (0,1,d;,d},......,d )en(@) =
(d;,0,d5,d,,......d ), cn(4) (1,0,d;,d;,.......d. ).
Therefore, I is an isolate vertex resolving partition. Therefore,
pdis (G) < IT|=n-2.

Let H=P,U P3.

1
3

] I
4
-

Let IT= {{17 3}5 {27 5}5 {4}7 teey {n}}'Then CH(I) = (07 17 d3:
dg, ds, ..., do), a3 = (0,2,d5,d,,.......,d ), ca(2) =
(1,0,d,d;,......d.), ca(® = (2,1,0,d;,d;,.......d).

Therefore, IT is an isolate vertex resolving partition. Therefore,
pdis (G) < [lT[=n-2.

LetH= PzU K3.
1 3
2 4 5

Let IT = {{1, 3, 5}, {2}, {4},...., {n}}.Then cp(1) = (0, 1, ds,
dy, ds, ...d), @) = (0,d,.1,....d)), cn(5) =

0, d;,l, ...... , dn) . Therefore IT is an isolate vertex resolving
partition. Therefore pd;s (G) < [II|=n-—2.

1 2 3 4 B
Hoeo—o—o—

Let IT = {{17 3}7 {27 5}7 {4}57 {n}}'Then CH(l) :(O: 19 37
da,....do),cn(3) = (0,1,1,d,,......,d") en(2) =
(1,0,2,d,,......,d") cn(3) = (2,0,1,d;,......,d").

Therefore, IT is an isolate vertex resolving partition. Therefore,
pdis(G) < [IT|=n-2.
LetH= C5.

o]l
V)

H:
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Let IT = {{1, 3, 4}, {2}, {5},.....,{n}}.Then cy(1) = (0, 1, 1,
dyy ..., do), @@ = (0,1,2,d,,......,d.), cn(d) =
(0,2,1,d;, ...... ,d;). Therefore, TI is an isolate vertex
resolving partition. Therefore, pd;(G) < |[1I|=n—2.
LetH=Cs+e

ut
N

4 3
Let H=Cs +e. Let I1 = {{1, 3, 4}, {2}, {5},..., {n}}.Then,
cn(1) = (0, 1, 1, dye.ory do), cn(3) = (0,1,2,d,......,d.),
cn(@) = (0,2,1,d,,......,d. ) .Therefore, I is an isolate vertex

resolving partition. Therefore, pdis(G) < [I1|=n - 2.
LetH=H,.

1 4 5

Hlf

2 3
Let IT = {{1, 2, 5}, {3}, {4}, ..., {n}}.Then cy(1) = (0, 1, 1,
dieondn),  en@ = (0,1,2,d,,....,d)) cn(5) =

(0,3,1,dl, ...... ,d;).Therefore, IT is an isolate vertex

resolving partition. Therefore, pd;(G) < [I1|=n-2.
Let H=H,.

1 4
HQZ / :
@
2 3 5

Let IT = {{1, 2, 5}, {3}, {4},....., {n}}.Then cy(1) = (0, 1, 1,

gy .oy o) cn(2) = (0,1,2,d,,,...00d ) s on(5) = (0, 3, 1, d s,
..., d",). Therefore, IT is an isolate vertex resolving partition.

Therefore, pdis (G) < [I1]=n - 2.

Let H=Hs.

Let IT= {{1, 3, 5}, {2}, {4},..., {n}}.Then c(1) = (0, 2, 2, d4,
ody),en@ =(0,L,1,d,,.sd), o =
(0,3,1,dl, ...... ,d;). Therefore, TI is an isolate vertex
resolving partition. Therefore, pd; (G) < [IT|=n—2. *

Definition: [3] Let G be a connected graph of order atleast
three such that H = G — v is a complete multipartite graph for

some vertex v of G. Let Vi, V,, ..., Vi, k > 2 denote the partite
sets of H. Let |[Vj| = n;, 1 <i< k and let a;, (1 <i< k) denote the
number of vertices in V; which are adjacent in G with v.

Define o(G) by o(G)=Y_ " max{a,,n, —a}.

Result: There are graphs with G — v a complete multipartite
graph for some v € V(G) such that pdis(G) = o(G) + 1. Let H
be a complete multipartite graph with partite sets Vi, V,, ..., Vi
and |Vj| = n> 1. Let n;> 2 for atleast one i, | <i< k. Add a new
vertex v to H and make v adjacent with exactly one vertex of
each V;, 1 <i< k. Let G be the resulting graph. Let V;, V,,
...,V¢ have cardinality 1 and the remaining partite sets have
cardinality atleast 2. 6(G) = 1 + 1 + 1+.....+1 (t — times) +

k
Zi:t+lni_l:t+nt+l+ cotng—(k—t)=n-1-k+t LetIl

= {Uu1, ..U V), {X}} where x runs over V(G) — {uq, ....,
ug, v}. Clearly, IT is a minimum isolate vertex resolving
partition of G. Therefore, pd;;(G)=n—(k—t+1)+1=n-k+
t=o(G) + 1.

Lemma: Let G be a connected graph such that G — v is a
complete multipartite graph for some vertex v €V(G). Then
pdis(G) <o(G) + 1.

Proof: 1t has been proved in [3] that ipd(G) <o(G) + 1. But
pdi(G) < ipd (G).
Therefore pdi(G) <o(G) + 1. *

Lemma: Given a positive integer k, there exist a graph G such
that pdis(G) =o(G) — k.

Proof: Let H be a complete multipartite graph with partite sets
Vi, Vo, ..., Vi, [Vi] 2 2 for all i. Add a vertex v to H and
make it adjacent with exactly one vertex of H.

Let |V1| =1y (1 <<k + 2) G(G) =n-—2. LetIl= {{V, Uy, Upg,
.., Ugs,1 }, singletons}. Therefore, [I=n—(k+2+1)+1=
n—-k-2.

Suppose, pdis(G) < n — k — 3. Suppose [T’ is a pd;s partition of
G such that one of the sets in the partition is {v}. Then there
exist one set of the partition containing two elements (namely
the adjacent vertex of v and the non-adjacent vertex of v in the
set if exist). Therefore, I[T'=1+1+n -3 =n— 1. Therefore n
—1<n-k-3.k<-2, acontradiction.
Suppose, one of the sets say S, of IT' contains v as well as
other elements from H. Then S cannot contain the unique
adjacent vertex of v in H. It can contain exactly one non-
adjacent vertex from each of the partite sets. Therefore, [S| < 1
+ k + 2 = k + 3. Further the remaining sets of IT" must be
singletons. Therefore, IT'| > 1 +n— (k +3) =n -k — 2. But
IT'| £ n — k — 3. Therefore, -k -2 < [[I''<n-k-3,a
contradiction. Therefore, pdi(G) > n — k — 2. Therefore,
pds(G)=n-k-2=0o-k.

*
Illustration: Let G be obtained from K,,; by adding a new
vertex and joining it to a vertex of degree 2 in K, 5.

us Uy Us

Ko s
Let IT = {{v, u, w}, {w}, {us}, {us}}. IT is an isolate
resolving partition of G. Therefore, pd;; < 4. Suppose pd;s = 3.
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Let IT" = {Vy, V,, V3} be a pd;; — partition of G. Let v € V,
(say). V| can contain at most two elements one from the partite
sets of K,;. The remaining elements which are atleast 3 in
number must be accommodated in V, and V3. Therefore, either
V, or V; contains atleast two elements from K, ;. Suppose V,
contains atleast two elements from K, ;. If [V,| = 3, then V, =
{u3, uyg, us}. Then uy and us cannot be resolved by V; and V;.
Therefore |V,| = 2. Since elements of V, are resolved by V, or
V3, V, can contain only u; and uy. If V3 contains two elements
then it should be u, and u,, since V3 has an isolate. But u; and
u, cannot be resolved by any element. Therefore, V3 contains
one element. In this case, V| contains three elements. But V,
can contain only v, u;, u; a contradiction. (since use V).
Therefore, pdi(G) # 3. pdis(G) # 1, 2 (since pdi(G) = 1 if and
only if G = K, pdis(G) = 2 if and only if G = K;). Therefore,
pdis(G) = 4. o(G) = 4. Therefore, pd;,(G) = o(G) =4.

Tllustration: Let us consider the following graph G.

Now o(G) =3 + 1 + 2 + 6. There are two isolate vertex
resolving partition of G namely

Hl = {{V: Us, Ug}, {u1}7 {u2}7 {U3}, {U4}, {u6}7 {u7}} and H2 =
{{v}, {us, ush, {ug, ugh, {wi}, {wa},{us}, {ue}}.Therefore [I1;] =
[[T,| = 7. It can easily verified that pdis(G) = 7. That is

pdis(G) = o(G) + 1.

Hllustration: Let H be a complete multipartite graph. Add a
vertex v to H and join v to every vertex of H. Let G be the
resulting graph. The graph G is a complete multipartite graph
and therefore pdis(G) = [V(G)| and o(G) = [V(H)|. Therefore,
pdis(G) = o(G) + 1.

Theorem: Let H be a complete multipartite graph with k-
partite sets, k > 2. Join a vertex v to H and join v to all but one
vertex of H. There exist atleast two vertices in the partite set
which contains a non-adjacent vertex of v. Then pdis(G) = n —
1.

Proof: Let I1 = {{v, uy}, singletons}, where u,; is the unique
vertex not adjacent with v. |[1] = n — 1.Therefore, pdis(G) <n —
1. In any isolate vertex resolving partition of G, the set
containing v, cannot contain two more elements. Also any set
in the partition other than the set containing v cannot contain
two elements if the set containing v contains two elements.
Therefore, there exist exactly one set in the partition
containing two elements. Therefore, pd;s(G) =n— 1. *
Theorem. Let G be a graph obtained from a complete
multipartite graph H by adding a vertex (say) v. Let V|,
Vy,......, Vi be the partitite set of H with | V;| =n; (1 <1<Xk). Let
v be joined with a;, vertices of V; (1 <i < k). Let a; = 0 for
atleast two partite sets a; = n;, for the remaining partite sets.
When a; = 0, then the partite set contains atleast two elements.
Then pdis(G) <n-—1.

Proof: Let Without loss of generality a; =a, =....... a,=0,t>
2and a;=n;, t+1 <i<k.

Then IT = {{v, uy, uy}, singletons} is an isolate vertex
resolving partition of G, where u;; € V| and uy € V..
Therefore, pdis(G) < [I1] =n-2<n-1.

*
Lemma 4.11. Let G be a connected graph of the form H + 2
K,, where H is a complete multipartite graph of order n — 4 >
1. Then pdis(G) =n — 1.

Proof: Let V(2K,) = {{u, up,u3,u4}}, where u; and u, are
adjacent and u; and u, are adjacent. Let IT = {{u;, us},
singletons}. Clearly, IT is an isolate vertex resolving partition
of G. Therefore, pd;s(G) < n — 1. Suppose, pd;s(G) <n—2.Then
there exist a pd;; partition IT; = {{Vy, V,,...,Vi}}, k <n - 2.
Any V; cannot contain two vertices of H. Therefore, vertices of
H must appear as singletons. Suppose V; contains u;, uz, .
Since V; has an isolate, V| cannot contain any vertex of H.
Therefore V1 = {ul, us, U4}. But C]‘[l(U3) = CHI(U4), a
contradiction. Therefore, either V| contains u; and u; or u; and
uy or up and u3 or u, and uy. Therefore, |Vy| = 2. Suppose V, =
{u;, w3} and V, = {u,, uy}. Therefore, cri(u;) = cmi(uz), a
contradiction. Therefore, only one of Vi, V, is a doubleton.
Therefore, |I1;| = n — 1, a contradiction. Therefore, pd;(G) =n
—1. *

Lemma: Suppose G =<V >+ <V,> If<V>and < V,> are
connected and diameter of either one or both of < V> and <
V> is 3, then pd;s(G) = n — 1 if and only if any P, in < V,>
does not contain a pendent vertex attached with an internal
vertex of P, and < V,> does not contain an induced subgraph
H which is obtained from a complete graph H; by attaching
two pendent vertices one at each two vertices of H; and
removing one or more edges at a vertex other than the vertices
at which a pendent is attached, leaving at least one edge.

Proof: Suppose G =<V >+ < V,> Let < V;>and < V,> be
connected and let diameter of either one or both of < V> and
<V,>be 3. Let diam(< V,) > = 3. Clearly, pd;s(G) <n - 1.
Suppose, P, in < V,> contains a pendent vertex attached with
an internal vertex of P, . Let x;, X,, X3, X4 be the vertices of P,
and y be a pendent attached with x,. Let IT = {{x4, y}, {x),
X3}, {X»}, all other singletons}. Then cn(x; ) =(2,0, 1, ...... ),
cn(x)=(,1,0,...... )Y, en(x3)=(1,0,1,....... ), cn( x4 ) =
0,0,2,...... ),en(y)=(0,2,1,...... ).

Therefore, pd;s(G) <n-2.

If P, in <V,> does not contain a pendent vertex attached with
an internal vertex of P4 . Then, pdi(G) >n - 2.

Let x4, X;, X3, X4 be a diametrical path of < V,>. Let I1 = {{x;,
x3}, all other singletons} Then x;, x; are resolved by x4.
Suppose pd;s(G) < n— 2. Suppose X, y, z belong to V, such that
< {x, y, z}> is not connected. Let I1 = {{x, y, z}, all other
singletons}. Suppose x and y are adjacent and z is not adjacent
with x, as well as y. Then d(x, z) or d(y, z) = 2. Suppose d(y,
z) = 2. Let y, z;, z be the path between y and z. Then y and z
are at equal distance from any vertex other than x. Therefore,
IT is not resolving. Suppose X;, X;, X3, X4€ V;, such that x; and
x5 are independent and X, and x4 are independent. Then V,
contains an induced subgraph H which is obtained from a
complete graph H; by attaching two pendent vertices one each
a two vertices of H; and removing one or more edges at a
vertex other than vertices at which a pendent is attached,
leaving atleast one edge. Then there exist an isolate vertex
resolving partition IT such that IT contains two doubletones.
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Then pdis(G) < n — 2. Therefore, if G satisfies the hypothesis
then pdis(G) =n—1.

Conversely, pdis(G) = n — 1. Then clearly the conditions are
satisfied. *
Result: pdiy(G) <n—2if G is a double star D, (where r, s > 2.

Proof: Whenr =1, s=2 we have
I

. 1 2 3
[

5

IT={{1, 4}, {2, 5}, {3}}.Now, c(1) = (0, 1, 2), cn(4) = (0, 2,
1), cn(2)=(1,0, 1), cn(5) = (2, 0, 1). Therefore, pdis(G) < 3.
Letrand s > 2. Let uy, u,, ...,u; be the pendents at the center u
and vy, vy, ..., Vs be the pendents at the centre v. Then IT =
{{uy, vi}, {uy, v}, {xi}}, where 3 <i< s+ r—2 is an isolate
vertex resolving partition. Therefore, pd;s(G) <n —2.

Lemma: Let G be a connected graph with order greater than or
equal to 4. Let uy, u,, u;, uy be four vertices of G such that uy,
u, are non-adjacent, u; and uy are non-adjacent and there exist
a vertex v, whose distances from u; and u, are not equal and
there exist a vertex w, whose distance from u; and u, are not
equal. Then pdis(G) <n-2.

Proof: Let T1 = {{u;, w}, {us, uy}, {v}, {w}, singletons}. v
resolves u; and wand w resolves u; and u,. Therefore IT is an

isolate vertex resolving partition of G. Therefore, pd;s(G) <n —
2. *

Lemma: Let G be a connected graph with order greater than or
equal to 4. Let uy, u,, uz be three vertices such that < {u;, u,,
u3} > is disconnected. If there exist vertices vy,v,, v3 such that
d (ug, vp) # d(uy, vi), d(uy, v2) # d(us, v2) and d(uy, v3) = d(us,
v3), then pd;(G) <n—2.

Proof. Obvious. *
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