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Let G = (V,E ) be a simple connected graph. The degree of a vertex u and the distance
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Sc*(G)=

(u,v)e V(G)
and Sc* (G , X ) = Z (d ud N ) X () respectively. Then their first derivative at x
(u,v)e V(G)
equas o SG)= D.(d,+d,)du,v)  and
(u,v)e V(G)

Z (d ud v )d (¢, V) are known as Schultz index and modified Schultz

(u,v)eV (G)
index respectively. In this article, we compute the Schultz and modified Schultz
polynomials and their indices for the bottleneck graphs K,°K,, Yn €N,K,°K, ,vn €N and
Ky K, ,Nm,n EN, m # n.

Copyright©2017 Keerthi G. Mirajkar and Bhagyashri R. Doddamani. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
INTRODUCTION This descriptor is known as Wiener index. A topological index

Let G(V(G), E(G)) be a simple connected graph, where V(G)
and E(G) are the vertex and edge sets respectively. For vertices
u, v €V(G), u is adjacent to v if they are connected by an edge.
The degree of a vertex u is the number of vertices adjacent to u
and is denoted as d,. The distance between vertices u and v is
the number of edges in a shortest path connecting them and is
denoted as d(u, v). The largest distance between any two
vertices of a graph G is called the diameter of G and is denoted
as d(G).

A Topological index is a numerical quantity derived in an
unambiguous manner from the structure graph of a molecule.
As a graph structural invariant, i.e., it does not depend on the
labelling or the pictorial representation of a graph. Various
topological indices usually reflect molecular size and shape.

Distance is an important concept in graph theory and it has
numerous applications in Computer science, Biology,
Chemistry and a variety of other fields. Using the concept of
distances in graph. H. Wiener defined a descriptor for
explaining the boiling points of paraffins [16].

w(G)= Y duv) (1)

(1/ v)e V(G)

*Corresponding author: Keerthi G. Mirajkar
Department of Mathematics, Karnatak University’s Karnatak
Arts College, Dharwad - 580001, Karnataka, INDIA

is a real number related to a structural graph of a molecule and
it does not depend on the labelling or pictorial representation
of a graph. A lot of topological indices have been introduced.
Wiener index is one of the topological indices that correlate
with some of the physico - chemical properties of the
compound [2, 11].

Harry Schultz [15] introduced another distance based
topological index known as Schultz index.

Se(G,x)= >(d, +d,)x") @)
(u,v)eV (G)

The Schultz index is closely related to the wiener index in the
case of trees with relation [14].

Sc(G, x) = 4W (G) — n(n —1) 3)

Gutman et. al. [10] defined the modified Schultz index as,

Se*(G)= Y (d,d,)d(u,v) )
(u,v)eV (G)

This topological index is also closely related to wiener index
with relation [8].

Sc’(G) =4W(G) —n(2n—1) %)
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H. Hosoya [13] introduced a distance based polynomial to
generate distance distribution for graphs called the Wiener
polynomial.

H(G,x)= Y x*® ©)
(u,v)eV (G)

The first derivative of H(G, x) at x = 1 is equal to Wiener index
of a graph G.

Gutman [9] introduced new polynomials called the Schultz
polynomial and the modified schultz polynomial as

Se(G,x)= D(d, +d,)x" )
(u,v)eV(G)
Sc*(G,x)= >, d,)x") ®)
(u,v)eV(G)

Such that their derivative at x = 1 are equal to the Schultz and
modified Schultz indices. He also obtained some connection
between these polynomials and Wiener polynomial of tree. For
further details, we refer [3, 4, 5, 6, 7, 12].

The Corona of two graphs G| and G, is denoted by G; °G, and
is obtained by taking one copy of G and n; copies of G, and
joining all vertices of the i"copy of G, to the i"vertex of G, for
i= 1,2,..,n;. Unlike join, corona is a non - commutative
operation and its component graphs appear in markedly
asymmetric roles. Interesting classes of graphs can also be
obtained by specializing the first component in the corona
product. For example, for a graph G, the graph K, ° G is called
its bottleneck graph [1].

Motivated by [9, 10, 15]. In this article, we study the schultz,
modified schultz polynomials and their topological indices for
bottleneck graphskK,°K,, Vn EN,K,°K, ,,¥yn €N and K,°K,,
~Ym,n €N, m #+ n.

RESULTS

In this section, we calculate the schultz polynomial and
modified schultz polynomial and their indices of bottleneck
graphs K, °K,,, Vn €N,K; °K,, ,Vn €N and K, °K,, ,Vvm,n €N,
m ¥+ n.

Theorem 1. LetK,°K,,W¥n €Nbe the bottleneck graph, then
(i) The schultz polynomial is
Sc(K, © K,x) = [2(n° + n* + 2n + DIx' + [2n@2n + DX* +
[2n°]x°.
(ii) The schultz index is
Sc(Ky o K,)=2(4n+ 5n° + 4n + 1).

(ii1) The modified schultz polynomial is
Sc’(Kyo Kpx) = [*(n+ 1) + n(3n + 2) + 1x' + [2n*(n + D]x* +
[n*]x.

(iv) The modified schultz index is
Sc (K> K,) =n*(4n+5) + n(Tn +2) + 1.

Proof: Consider the bottleneck graph K,°K,,¥n €N. Then the
bottleneck graph of the kind K,°K,has 2(n+1) vertices and
n(n+ 1)+1 edges. Among 2(n+1) vertices of K, ° K,,, 2 vertices
have degree (n + 1) and remaining 2n vertices have degree n
ie, | Visn| =2and | V,| =2n.

The maximum distance between the vertices of a graph K, °
K,is 3. Hence diameter of (K; ° K,)) i.e., d(K,° K,) = 3.Now we
compute the schultz and modified schultz polynomials and
also the schultz and modified schultz indices of the bottleneck
graph (X, ° K,)) by using the contents in table 1.

Now we calculate all 3-cases of d(u,v) edge-paths of (K ° K,))
by using Table 1.

Table 1

d(u, v) degree of Number of Term of Term of
=i du ,dv i-edges paths  Sc(G,x) Scr(G,x)
1 (n+1),m+1) 1 2n+1) (n+1y
1 n,n nn—1) 2n*(n—1) n(n—1)
1 n ,(ntl) 2n 2n(2n+l1) 2n*(n+ 1)
2 n+1),n+1) 0 0 0
2 n,n 0 0 0
2 n ,(nt+1) 2n 2n(2n+ 1) 2n*(n + 1)
2 n+1),n+1) 0 0 0
3 n,n n2 2’ nd
3 n L(n+1) 0 0 0

Explaination of Table 1

CASE 1: If VYuveV (K, ° K,),d(u,v) = 1 then we have
following 3-cases to calculate first term of schultz and
modified schultz polynomial of (K, ° K,).

Subcase 1.1. For a vertex v €V, there is one path with length
one untill a vertex u €V,;;. Thus we have one edge, such that
d,+d,=2(n+ 1)and d, x d,= (n + 1)*. Therefore we have two
terms 2(n + 1)x' and (n + 1)°x' of the schultz and modified
schultz polynomials of (K ° K,,) respectively.

Subcase 1.2. Now consider a vertex v €V, there are n(n—1)
paths with length one untill a vertex u €V,. Thus we have
n(n—1) edges, such that d, +d, = 2n and d, xd, = n’. Therefore
the schultz and modified schultz polynomials of (K,°K,) are
2n*(n—1)x" and n’(n—1)x" respectively.

Subcase 1.3. Next consider a vertex v €V, there are 2n paths
with length one untill a vertex u €V,.. Thus we have 2n
edges, such that d, + d, = 2n + 1 and d, x d, = n(n + 1).
Therefore the schultz and modified schultz polynomials of (K,
o K,) are 2n(2n + 1)x' and 2n*(n + 1)x! respectively.

CASE 2. IfVu,veV (K, °K,),d(u,v) =2 then we have following
3-subcases to calculate second term of schultz and modified
schultz polynomial of (K, ° K,,).

Subcase 2.1. For a vertex v €V, there are no paths of length
two untill a vertex u €V,,.;. Thus we have zero edges, such that
the schultz and modified schultz polynomials of (X, ° K,,) are
Zero.

Subcase 2.2. For a vertex v €V, there are no paths of length
two untill a vertex u €V,. Thus we have zero edges, such that
the schultz and modified schultz polynomials of (K, ° K),) are
Zero.

Subcase 2.3. Next consider a vertex v €V, there are 2n paths
with length two untill a vertex u €V,.;. Thus we have 2n
edges, such that d,+d, = 2n+1 and d,xd,= n(n+1). Therefore
the second term of schultz and modified schultz polynomials
of (K, °K,,) are 2n(2n+1)x* and 2n*(n + 1)x” respectively.

CASE 3. If Vu,v €V (K, °K,)),d(u,v) = 3 then we have following
3-subcases to calculate third term of schultz and modified
schultz polynomial of (K ° K,).
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Subcase 3.1. For a vertex v €V, there are no paths of length
three untill a vertex u €V,.;. Thus we have zero edges, such
that the schultz and modified schultz polynomials of (K, ° K,)
are zero.

Subcase 3.2. Next consider a vertex v €V, there are n paths
with length three untill a vertexu €V,. Thus we have n” edges,
such that d, + d,= 2n and d, x d, = n’. Therefore the schultz
and modified schultz polynomials of (K; ° K,) are 2n’x’ and
n*x’ respectively.

Subcase 3.3. For a vertex v €V, there are no paths of length
three untill a vertex u €V,.,. Thus we have zero edges, such
that the schultz and modified schultz polynomials of (K, ° K,,)
are zero.

From the definition of schultz, modified schultz polynomial
polynomial and above mentions, we have following results.

Sc(K, oK, ,x)= Z (d,+d,)x'“"

(uv)eV (KyoK,)

Sc(K; © K, »x) = [22n° + 1) + 4n(4n+ 3)x' + [4n(n® + 3n+
DIx*+[8r(n+ 1)]x°.

(ii) The schultz index is
Sc(Ks e K,,,) =360+ 64n* + 20n+ 2.

(iii) The modified schultz polynomial is
Scr(Ky© K, ox) = [2n" + 120° + 180 + 8n+ 1]x' + 2n[n’ + Sn(n+
1) + 1+ [4n’(n+ 1)°]x°.

(iv) The modified schultz index is
Scr(Ky© K,,,,) = 18n*+ 560 + 50n*+ 120+ 1.
Proof: Consider the bottleneck graph K,°K, ,,¥n €N. Then
the bottleneck graph of this kind contains 2(2n+ 1) vertices and
2n(n+ 2) + 1 edges. Among 2(2n+ 1) vertices of K,°K,, ,, 2
vertices have degree (2n+1) and remaining 4nvertices have

=2+ 1)+ 202 (n=1)+ 2020+ 1)|x" +[202n+ D)X +[20° ]

=[2(n +n* +2n+Dx" +[202n+1)]x* +[2n° ]x°.

From the definition of schultz index, we can compute the
schultz index of (K,°K,) by the first derivative of schultz
polynomial of (K, ° K,) [evaluating at x = 1] as follows:

5SC(K2 oK, ,x)
ox

Sc(K,°K,)=

x=1

= 9 (200 + n® + 20+ DIx" 412020 + D]x* +[20°]2°)

0x
= 2[4113 +5n% +4n +1]

And also from equation (8), the modified schultz polynomial
of (Ky° K,) is,

Sc*(K,oK,,x) = > (d,d,)x"™

(u,v)eV(K,°K,)

degree (n+1) i.e., | V(z,,ﬂ)| =2 and | Vin+ 1)| =4n.
Here the distance between vertices of the graph (K, ° K,,,,) are
upto 3 and diameter i.e., d(K>° K, ,) = 3.

x=1

Now we have calculate all cases ot d(u,v) edge paths d(u,v) =
1,2,3 of (K, ° K,,,,) for the term of schultz and modified schultz
polynomial in table 2.

=[(n+1)’ +n’(n=-D+2n°(n+Dx" +[2n° (n+D]x”> +[n*]x°

=[’(n+D)+nBn+2)+1]x" +[2n° (n+1)]x* +[n"*]x°.

Again we can compute modified schultz index of (K,°K,) by
first derivative of modified schultz polynomial of (X, ° K)
[evaluated at x = 1] as follows:

aSc*(K, oK, ,x)
Ox

Sc*(K,oK,)=

x=1

- aﬁ([;f(n #1)+nGn+2)+ 11" +[2n (n+ D) +[n* 1)
X

x=1

=n’[4n+5]+n[Tn+2]+1.

Theorem 2: Let Ky°K,, , Vn €Nbe the bottleneck graph, then,
(i) The schultz polynomial is
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Table 2
d=i degree of No. of i- Term of Term of
d, . d, edge paths Se(Gx) Sc*(G,x)
1 @n+ 1),2n+ 1) 1 22n+ 1) @n+ 1)
1 (n+ 1),(n+ 1) 21 4n’(n+ 1) 2n’(n+ 1)
1 (2n+1),(nt+ 1) 4n 4n(3n+2) 4n(2n+ )(n+ 1)
2 @nt 1),2n+ 1) 0 0 0
2 (n+ 1),(n+ 1) 2n(n—1) 4n(n*—1) 2n(n— 1)(n+ 1)
2 Q@nt 1),(nt 1) 4n 4n(3n+ 2) An(nt+ 1)2n+ 1)
3 @n+ 1),2n+ 1) 0 0 0
3 (n+ 1),(n+ 1) 4n® 8n*(n+ 1) 4n’(n+ 1)
3 Qn+ 1),(n+ 1) 0 0 0

Explaination of Table 2

CASE 1. If VYuvelV (K, ° K,,),du,v) = 1 then we have
following 3-cases to calculate first term of schultz and
modified schultz polynomial of (K;° K,, ).

Subcase 1.1. For a vertex v €V,,,, there is one path with
length one untill a vertex u €V5,,;. Thus we have one edge,
such that d, + d,= 2(2n+ 1) and d, x d,= (2n+ 1)>. Therefore
the first terms of the schultz and modified schultz polynomials
of (Ky° K, ) is 2(2n+ Dx'and 2n+ 1)%' respectively.

Subcase 1.2. Now consider a vertex v €V,.;, there are 2n’
paths with length one untill a vertex u €V,.;. Thus we have 2n°
edges, such that d, + d, = 2(n+ 1) and d, x d, = (n+ 1)°.
Therefore the first term of schultz and modified schultz
polynomials of (K, ° K,,,,) are [4n*(n+ D)]x" and [27°(n+ 1)*x'
respectively.

Subcase 1.3.Next consider a vertex v €V, ., there are 4npaths
with length one untill a vertex u €V,,.,. Thus we have 4nedges,
such that d,+ d,= 3n+ 2 and d, X d,=(2n+ 1)(n+ 1). Then the
first term schultz and modified schultz polynomials of (X, °
K,,) are [4n(3n+ 2)]x' and [4n(2n+ 1)(n+ 1)]x' respectively.

CASE 2.1f YuyvelV (K, ° K,,),d(u,v) = 2 then we have
following 3-subcases to calculate second term of schultz and
modified schultz polynomial of (K;° K, ).

Subcase 2.1. For a vertex v €5, 4, there are no paths of length
two untill a vertex u €V,, ;. Thus we have zero edges, such
that the schultz and modified schultz polynomials of (X, ° K, ,,)
are zero.

Subcase 2.2. Now consider a vertex v €V,,., there are 2n(n -1)
paths with length two untill a vertex u €V,,;. Thus we have
2n(n— 1) edges, such that d, + d,= 2(nt+ 1) and d, X d, = (nt+
1)*. Therefore the second term of schultz and modified schultz
polynomials of (K, ° K,,,) are [4n(n* — 1)]x* and [2n(n— 1)(n+
1)°]x? respectively.

Subcase 2.3. Next consider a vertex v €V,, 41, there are
4npaths with length two untill a vertex u €V,,;. Thus we have
4nedges, such that d, + d,= (3n+ 2) and d, x d,= 2n +1)(n
+1). Then the second term of schultz and modified schultz
polynomials of (K»°K,,,) are [4n(3n+ 2)]x* and [4n(2n+ 1)(n+
1)]x* respectively.

CASE 3: If YuveV (K, ° K,,).d(u,v) = 3 then we have
following 3-subcases to calculate third term of schultz and
modified schultz polynomial of (K;° K, ).

Subcase 3.1. For a vertex v €V,, ;, there are no paths of
length three untill a vertex u €V,, +;. Thus we have zero edges,

such that the schultz and modified schultz polynomials of (K °
K, ) are zero.

Subcase 3.2. Next consider a vertex v €V,,,, there are an’
paths with length three untill a vertex u €V,.;. Thus we have
4n* edges, such that d, + d, = 2(n+ 1) and d, x d, = (n+ 1)~
Therefore the third term of schultz and modified schultz
polynomials of (K, ° K, ,) are [8#°(n+ 1)]x° and [4n*(n+ 1)*]x’
respectively.

Subcase 3.3. For a vertex v €V,, 4, there are no paths of length
three untill a vertex u €V,.;. Thus we have zero edges, such
that the schultz and modified schultz polynomials of (K, ° K, )
are zero.

From the definition of schultz, modified schultz polynomial
and above mentions cases we have following results.

duy)
2 (d, +d,)x
(uv)eV (K oK, )
=[2Q2n+1)+4n° (n+1)+4n(3n+2)|x' +[4n(n’ -1)
+4n(3n+2)|x° +[82° (n+ 1)]x’°
=[22n° +1)+4n(dn+3)]x" +[4n(n” +3n+1)]x" +[8° (n+1)]x’.

Se(K; K, ,, x)=

From the definition of schultz index, we compute the schultz
index of (K, ° K, ,) by the first derivative of schultz polynomial
of (K, ° K, ,) [evaluating at x = 1]as follows:

aSe(K, oK, . x)
Se(K,=K, )= ————"2|
) ox
_ (127 + )+ 4n(n+3)] x' + [4n(n’ + 3n 4+ D)X’

ox | +[8n(n+1))x°

=360 +64n° +20n+ 2.

‘.\:1

And also modified schultz polynomial of (K;° K,,,) is,

d(uy)
Z (d, d)x

(e V(K +K, )
=[@2n+1¥ + 210 (n+1)* + 4n2n+D(n +Dx' +[20 (n=D(n +1)
+4dn(n+1)(2n -HJ].\'1 +[4111(ii + 1)3]\'1
=[2n" +120" +18n" +8n+1|x' + 2n[n’ + Sn(n+ 1)+ 1]x* +[4n" (n+1)" ]

Se*(K oK, ,.x)=

Now we compute modified schultz index of (K, ° K,,) by first
derivative of modified schultz polynomial of (K, ¢ K,.,)
[evaluated at x = 1] as follows:
aSe *(K, K,,‘,,,,\')I
ox
8 (((2n' +124° +188% + 8n +1]x" + 26[n® + Sn(a +1) +1]x3
- ox +[4n% (n +1)*]x%)

=18n" + 560" + 5007 +12n+1.

Theorem 3: Let KoK, ,Ym,n €N, m # n. be the bottleneck
graph, then

Se*(Kyo K, )=

[

(i) The schultz polynomial is

Sc(Ks © K wx) = 2[(m* + n*) + (m + n)(mn+ 3) + 6mn + 1]x' +
2[2(m* + )+

(m + n)(mn+ 1)+ 2mn)x* + 2[(m* + n*) + 2mn(m + n + 1)]x’.
(ii) The schultz index is

Sc(K; ° K,,,) = 2[8(m” + n*) + 16mn + 1 + (m + n)(9mn + 5)].
(ii1) The modified schultz polynomial is

Scr(Ks © K,y nx) = [3(m* + n*) + (6mn + 4)(m + n) + 2mn(mn+
6) + 1]x' + [3(m* + n?)

+(m + n)[5Smn + 1] + 2mn(mn+ 2)x* + [4mn(mn+ m + n) + (m
+n) ).
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(iv) The modified schultz index is

Scr(Ky © Koy ) = 12(m* + n®) + 2mn(9mn + 13) + (28mn + 6)(m
+n)+ 1.

Proof: Consider the bottleneck graph K»°K,, ,Ym,n €N, m #
n. Then the bottleneck graph of this kind contains 2(m + n) + 2
vertices and [2(m + n + mn) + 1] edges. Among 2(m + n) + 2
vertices of K, ° K,,,,, 2 vertices have degree (m + n + 1), 2m
vertices have degree (n + 1) and 2n vertices have degree m + 1
e | Vinsnsn| =2 | Vs n| =2m and | V21| =2n.

Here the distance between vertices of the graph (X, ° K,,,,) are
upto 3 and diameter i.e., d(K; ° K, ) = 3.Now we compute the
terms of schultz, modified schultz polynomial of the
bottleneck graph (K, ° K,,,) by using the table 3.

Table 3
d=i degree of No. of i- Term of Term of
dd, edge paths  Sc(Gx) Sc(G, x)
o mEntDmrns 2Am+n+1) (m+n+1y

1)
(m+n+1)n+1) 2m
(m+n+1),(m+1) 2n

2m(m+2n+2) 2mm+n+1)(n+1)
2n2m+n+2) 2n(m+n+1)(m+1)

—_ e e = =

n+1)m+1) 0 0 0
(n+1),m+1) 2mn  2mn(m+n+2) 2mnn+1)(m+1)
m+1),m+1) 0 0 0

2 (m+n+i;,(m+n+ 0 0 0

2 (m+tntl),(n+l1) 2m 2mm~+2n+2) 2m(m+n+1)(n+1)

2 (mtn+l),m+1) 2n 2n2m+n+2) 2n(m+n+1)(m+1)

2 n+1)n+1) m(m—1)2m(m—1)(n+1) m@m—1)n+1)

2 (n+1),m+1) 0 0 0

2 (m~+1),(m+1) n(n—1) 2n(n—D(m+1) nn—1)m+1)

3 (m+n+i;,(m+n+ 0 0 0

3 (mtn+l)@n+l) 0 0 0

3 (m+tn+l)m+1) 0 0 0

3 (n+1),n+1) m2 2mP(n + 1) m*(n + 1)

3 (n+1),m+1) 2mn 2mn(m+n+2) 2mnn+1)(m+1)

3 (m+1),(m+1) n2 2n*(m + 1) n*(m+ 1)

Explaination of the table 3

Case 1. If VuvelV (K, ¢ K,,),d(u,v) = 1 then we have
following 3-cases to calculate first term of schultz and
modified schultz polynomial of (K; ° K,,, ).

Subcase 1.1. For a vertex v €V,,,,+1, there is one path with
length one untill a vertex u €V,,.,+;. Thus we have one edge,
such that d,+d,= 2(m+n+1) and d,xd,= (m+n+1)>. Therefore
the first terms of the schultz and modified schultz polynomials
of (Ky° K, ) is2(m +n + Dx'and (m + n + 1)’x' respectively.

Subcase 1.2. For a vertex v €V,,.,+1, there is 2m path with
length one untill a vertex u €V,,.;. Thus we have 2m edge, such
that d,+d, = (m+2n+2) and d,xd, = (m+n+1)(n+1). Therefore
the first terms of the schultz and modified schultz polynomials
of (Ky° K,,) 18 [2m(m + 2n + 2)x' and [2m(m + n + 1)(n +
1)]x' respectively.

Subcase 1.3. For a vertex v €V, 41, there is 2n path with
length one untill a vertex u €V,,,;. Thus we have 2n edge, such
that d,+d, = 2m+n+2) and d,xd, = (m+n+1)(m+1). Therefore
the first terms of the schultz and modified schultz polynomials
of (K; ° K, 1s [2n(2m + n + 2)Ix! and [2n(m + n + 1)(m +
1)]x' respectively.

Subcase 1.4. For a vertex v €V, there are no paths of length
one untill a vertex u €V,.;. Thus we have zero edges, such that
the schultz and modified schultz polynomials of (K, ° K, ,,) are
Zero.

Subcase 1.5. For a vertex v €V, there is 2mn paths with
length one untill a vertex u €V,,.;. Thus we have 2mn edge,
such that d,+d, = (m+n+2) and d,xd, = (m+1)(n+1). Therefore
the first terms of the schultz and modified schultz polynomials
of (K ° K,,,) is [2mn(m + n + 2)]x" and [2mn(n + 1)(m + 1)]x'
respectively.

Subcase 1.6. For a vertex v €V,,;,, there are no paths of length
one untill a vertex u €V,,,,. Thus we have zero edges, such that
the schultz and modified schultz polynomials of (K, ° K, ,,) are
Zero.

CASE 2: If YuvelV (K, ° K,,,),d(u,v) = 2 then we have
following 3-cases to calculate first term of schultz and
modified schultz polynomial of (K; ° K,,, ).

Subcase 2.1. For a vertex v €V,,.,41, there are no paths of
length two untill a vertex u €V,,.,.;. Thus we have zero edges,
such that the schultz and modified schultz polynomials of (K, °
K, ) are zero.

Subcase 2.2. For a vertex v €V,,,41, there is 2m path with
length two untill a vertex u €V,,.;. Thus we have 2m edge, such
that d,+d, = (m+2n+2) and d,xd, = (m+n+1)(n+1). Therefore
the second terms of the schultz and modified schultz
polynomials of (K> ° K,,,) is [2m(m + 2n + 2)]x*and [2m(m + n
+ 1)(n + 1)]x respectively.

Subcase 2.3. For a vertex v €V,,.,.1, there is 2n path with
length one untill a vertex u €V,,,;. Thus we have 2n edge, such
that d,+d, = 2m+n+2) and d,xd, = (m+n+1)(m+1). Therefore
the second terms of the schultz and modified schultz
polynomials of (K, ° K,,,) is [2n(2m + n + 2)]x* and [2n(m + n
+ 1)(m + 1)]x respectively.

Subcase 2.4. For a vertex v €V, there is m(m—1) paths with
length two untill a vertex u €V,,,. Thus we have m(m — 1)
edges, such that d, + d, = 2(n + 1) and d, x d, = (n + 1)2.
Therefore the second terms of the schultz and modified schultz
polynomials of (K, ° K,,,,) is [2m(m — 1)(n + 1)]x* and [m(m —
1)(n + 1)*]x* respectively.

Subcase 2.5. For a vertex v €V, there are no paths of length
two untill a vertex u €V,,,1. Thus we have zero edges, such that
the schultz and modified schultz polynomials of (K, ° K, ,,) are
Zero.

Subcase 2.6. For a vertex v €V, there is n(n—1) paths with
length two untill a vertex u €V,;. Thus we have n(n — 1)
edges, such that d, + d,=2(m + 1) and d, x d,= (m + 1)2.
Therefore the second terms of the schultz and modified schultz
polynomials of (K, ° K,,,) is [2m(n — 1)(m + 1)]x* and [n(n —
1)(m + 1)*]x* respectively.

CASE 3. If VYuveV (K, ° K, ,),d(u,v) = 2 then we have
following 3-cases to calculate first term of schultz and
modified schultz polynomial of (K, ° K,,,,)-

Subcase 3.1. For a vertex v €V, there are no paths of
length three untill a vertex u €V,,,+;. Thus we have zero
edges, such that the schultz and modified schultz polynomials
of (K, ° K,,,,) are zero.
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Subcase 3.2. For a vertex v €V, there are no paths of
length three untill a vertex u €V,.;. Thus we have zero edges,
such that the schultz and modified schultz polynomials of (K, °
K, ) are zero.

Subcase 3.3. For a vertex v €V,,.,.1, there are no paths of
length three untill a vertex u €V,,,;. Thus we have zero edges,
such that the schultz and modified schultz polynomials of (K °
K, ) are zero.

Subcase 3.4. For a vertex v €V,,,, there is m” paths with length
three untill a vertex u €V,.;. Thus we have m’ edges, such that
d,+d,=2(n+1) and d,xd,= (n+1)*. Therefore the third terms of
the schultz and modified schultz polynomials of (K,°K,,,) is
[2m*(n+1)]x° and [m*(n + 1)*]x° respectively.

Subcase 3.5. For a vertex v €V,;, there is 2mn paths with
length three untill a vertex u €V,,,;. Thus we have 2mn edges,
such that d,+d, = (m+n+2) and d,xd, = (n+1)(m+1). Therefore
the third terms of the schultz and modified schultz polynomials
of (K5 ° K,,,) is [2mn(m + n + 2)]x* and [2mn(n + 1)(m + 1)]x°
respectively.

Subcase 3.6. For a vertex v €V, there is n paths with length
three untill a vertex u €V,,.;. Thus we have n’ edges, such that
d,+d,=2(m+1)and d, x d,= (m + 1)>.Therefore the third
terms of the schultz and modified schultz polynomials of (K, °
K,.,) is [2n°(m + 1)]x’ and [n*(m + 1)*]x’ respectively.

From the definition of schultz, modified schultz polynomial
and above mentioned cases we have following results.

Sc(K,oK >, +d,)x!"

(u,v)eV(KyoK,, )

X)=

m,n?2

Sc*(K,0K, ,,x)= Z (d, d,)x*

() eV (KK,
=[(m+n+ D? +2m(m+n+1)(n+1)+2n(m+n+ D(m +1)
+2mn(n+1)(m+ D)X +[2m (m+n+D(n+1)+2n(m +n+1)
(m+1D)+mm=D(n+1D)* +n(n-1)m+ l)lj.\‘2 + {m:(n +1)°
+ 2mn(n+ D(m+1)+ nl(m+l)3]r’
= [3(!11’3 + 1)+ (6mn + 4)(m + n)+ 2mn(mn +6) + l],\‘1
+[3(m* + 1)+ (m + n)(6mn +1) + 2mn(mn + 2)|x*

+[4mm(mn +m +n)+ (m+n)" |x°.

Now we compute modified schultz index of (K, k) by first
derivative of modified schultz polynomial of (K, ¢ K,,,)
[evaluated at x = 1] as follows:

_ 08¢ *(K: 1. .\‘)

Se*(K,oK, ) 25 ‘\-1
ox
[3(m? + n>) + (6mn + ) m + n) + 2mn (mn + 6) +1]x' \
= +[f‘»(w2 + 02+ (m+ n)(6mn + 1)+ 2mn (mn + 2)],\‘: ‘«—\
x 3
+[4mn(mn +m +n)+ (m +n)*x’
=12(m> +n7)+ 2mn(9mn +13) + (28mn + 6)(m +n) + 1.
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=[2(m+n+D)+2m(m+2n+2)+2n2m+n+2)

+2mn(m+n+2)]x" +[2m(m+2n+1)+2nQ2m+n+2)
+2m(m—1)(n—1)+2n(n—D)(m+1)]x> +[2m>(n+1)

+2n* (m+ 1)+ 2mn(m+n+2)]x’

=2[ (m* +n)+(m+n)(mn+3)+6mn+1]x' +2[2(m* +n*)

+(m+n)(mn+1)+2mnlx” +2[(m> +n)+ 2mn(m+n+1)]x°.

From the definition of schultz index, we compute the schultz
index of(K; °K,, ,) by the first derivative of schultz polynomial
of (K;°K,,,) [evaluating at x = 1] as follows:

oSc(K, K, ,,x)
ox

SC(K2 © Km,n) =

x=1

o (2[ (m* +n*)+ (m+ n)(mn+3)+6mn+1]x" +2[2(m* + n*)

o+ (m ) (mn+ 1)+ 2mnlx® +200m* +n2)+ 2mn(m +n + 1))

x=1

=2[8(m* + n*) +16mn +1+ (m + n)(9mn +5)]

And also modified schultz polynomial of (K, ° K,,,) is,
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