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A dominating set D of a graph G = (V, E) is a nonsplit dominating set if the induced
subgraph (V — D) is connected. The nonsplit domination number y,(G) is the G is the
minimum cardinality of a nonsplit dominating set of G. The set of vertices is a y,-set if it
is nonsplit dominating set with y,,,(G). In this paper, we obtain the total number of y,,,-
sets, the Partially Balanced Incomplete Block (PBIB)-Designs on minimum y,,.-sets of
Circulant graphs with m-association schemes for 1 <m < LgJ .
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INTRODUCTION

All graphs considered in this paper are finite, undirected and
connected with no loops and multiple edges. As usual p = | V |
and q = | E | denote the number of vertices and edges at a graph
G, respectively. For any undefined terms in this paper, we
refer to [7] and [11].

For a given positive integer p, let sy, S, . .., S be a sequence
of integers where 0 < s, < $,< ...<s§ < p7+1_ The Circulant
graph C, (S) where S=s;, s, . . ., St is the graph on p vertices
labelled as vy, vy, . . ., v, With vertex v; adjacent to each vertex
Vi j (mod p) @Nd the values s; are called jump sizes.

Circulant graphs have a vast number of uses and applications
in telecommunication network, a return is possible to the
physical sciences with an application of Circulant to the
evolution of destiny fluctuation and Circulant graph are an
important sub field of graph theory, see [16].

Bose and Nair introduced a class of binary, equi-replicate and
proper designs, which are called Partially Balanced Incomplete
Block (PBIB)- Designs. In these designs, all the elementary
contrasts are not estimated with the same variance. The
variances depend on the type of association between the
treatments. For details on PBIB designs and its related
concepts, we refer to [5] and [6].
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There are many applications of PBIB- Designs may be used to
contract (2, n) visual cryptographic schemes for black and
white images with small pixel expansion, see [1].

Given v elements (objects or vertices), a relation satisfying the
following conditions is called a PBIB with m-associate classes:

1. Any two treatments are either first associates or
second associates,. . . or m™" associates, the relation of
associations being symmetric.

2. Each object has exactly n,, k™ associates, the number
ny independent of x.

3. If two objects x and y are k™ associates, then the
number of objects which are i" associates of x and "
associates of y is pkij and is independent of the k™"
associates x and y. Also p¥; = p’;.

With the association scheme on v objects, a PBIB-Design is
an arrangement of v objects into b sets (called blocks) of size g
where g <v such that

1. Everyelement is contained in exactly r blocks.

2. Each block contains g distinct elements.

3. Any two elements which are m™ associates occur
together in exactly 4,,, blocks.

The number v, b, g, r, 4;,4,,....., A, are called the parameters
of the first kind, whereas the numbers n,; ,n,,....., 1y, pkij @,
j, k=1, 2,...,m)are called the parameters of the second kind,
see [4].

A subset D < V is said to be a dominating set of a graph G, if
every vertex in V — D is adjacent to some vertex in D. The
minimum cardinality of vertices in such a set is called the
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domination number y(G). For complete review on theory of
domination, we refer to [8], [9], [10], [12] and [13].

A dominating set D of a graph G = (V, E) is a nonsplit
dominating set if the induced subgraph (V — D) is connected.
The nonsplit domination number y,(G) is the minimum
cardinality of a nonsplit dominating set. The minimum
nonsplit dominating set D with |D| = y,,4(G) is called y,¢-Set.
This concept was introduced by Kulli and Janakiram, see [14].

Slater [17] has introduced the concept of the number of
dominating sets of G, which he denoted by HED(G) in honor
of Steve Hedetniemi. In this paper, t,s (G) is used to denote the
minimum number of y,s-sets of G. The PBIB-Design
associated with domination related parameters are studied by
[2], [3] and [18].

2.Circulant graph C, (1)

The jump size of Circulant graph is one, known as cycle C,
with p >4 vertices. Thatis, C, (1) = C,; p>4.

Proposition 2.1: [14] For any Circulant graph C, (1) with p >
4 vertices,

Yns (Cp (1)) =p- 2.

Theorem 2.1: The collection of all y,¢-sets of a Circulant
graph C, (1); p > 4 vertices form a PBIB-Designs with |_§J -
association scheme and parametersarev =p,b=p,g=p -2,

o _(p-3 ifm=1
r=p 2and/1m_{p—4,otherwise.

Proof. Let C, (1) be a Circulant graph with p > 4 vertices and
labelled as vi, v,,. . ., v,. By Proposition 2.1, we have

Yns (Cp(l)) = p — 2. Further, C, (1) with p >4 have p blocks
b= (1)) =
By Proposition 2.1, we have g = ;¢ (Cp(l)) =p—2,whereg
is the number of elements contained exactly in a block.

By virtue of the above facts, we have r =p - 2.
To obtain the m — associates for the elements, where

1<m<[2].

of Vns-SEt, it implies

Two distinct elements are first associates, if they have jump

By Table 1, the parameters of second kind are given by
n; =2 for1<|<p—or 1<i< 3—1ornp =1.

With the association scheme for the Table 1 we have the
matrix representation of the Circulant graph Cp(s,s, .. | s

/ pi 20 . pr_—l \
2
k
pk = | p%c1 p%cz P, ;1 | or
\pk—1 pkp_l Pp-1 —1/
&t () EhHEsh
k
/pﬁ 20 p1g\
k
pk = i ps, 5, pz% i

The possible values of k in the matrix P¥ are given below :
If k =1, then

1for1< i <”7‘1—1and1<i§§—1,j:i+1,
1for1<1§7—1and1<j <f-1i=1+,

1. pi=
2. pi=
3. pU—lforl——l i==,
lf2< k<22

1. pgj.:lforlg i<sPandls<i<i-1i+j=k,j=
k+iandi+j=p- k
p3

2. pl=1forl<j<™andl<j<®—1i=k+jandi
+j=p-k
If k =22andk = 2, then
2 2
. -3 . -1
1. p{‘jzlforlslspTl,j:pTl—z
2. pl=1fori<i<Z= j=Eo—y

2
3. pf=2forl<si<f-1j=k-i

With other entries are all zero.
Hence the parameters of first kind are given by v =p, b=p, g
=p-2,r=p-2 4, =p—3, where m = 1; otherwise,

. . . Ay =p—4.
size 1 and they are k" — associates (2 <k <[2), if they have k "™
jump sizes. These associates are as shown in Table 1 along
with their matrix representations.
Table 1 Association schemes of Cp(s, 5, .. sp)-
Association scheme
Elements . ‘ p— 1 B
First Second —2 2
v(p-(k-1))(mod p), - - v
" P2 L V(L+K)(mod p) Vit Vst 145
V2 V1, v3 vp, v4 V(p-{2))(mod p). Vgl Vypyp-iyy Uyl
v(2+k)(mod p) 2 2 2
v3 v2,v4 V1, V5 v(p-{k3))rmod p). Va1, Vg p-1y 173+g
v(3+k)(mod p) 2 2
v, ., p-1
u v(i-1)(mod p), v(i-2))(mod p), v(p-(k-D) (mod p), (i+557) (modp) V(14)modr)
v(i+1))(mod p) v(i+2))(mod p) v(i+k) (mod p) 17( i+ % +1) (mod p)
vp vp-1,vl vp-2,v2 vp-k, vk UPT_l' v pT_l+1 ‘U%
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3.Circulant graph C, ( LgJ )

The Circulant graph with jump size 2], p > 4 vertices, is

Cp (L2)).

Proposition 3.1: [14] For any Circulant graph C, (L2]) with
p > 4 vertices,

yns(cp ( LEJ)) =p-2.

Theorem 4.1: The collection of all y,-sets of a Circulant
graph C, ( |_§J ) ; p > 4 vertices form a PBIB-Designs with |_§J
- association scheme and parameters are v = p, b =p,
p—4ifl <ms<|Z=]
ifm= LSJ
Proof. Let C, ( |_§J ) be a Circulant graph with p > 4 vertices
and labelled as vy, v,, . . ., vp. By Proposition 3.1, we have

Vs (cp (LEJ)) =p-2.

Further, C, ( ng ) with p > 4 have p blocks of y,-set, it

b=t G, (L21)) =7
By Proposition 3.1, we have g = y, (Cp (ng)) =p-2,

where g is the number of elements contained exactly in a
block.

From the above facts, we have r =p — 2.

To obtain the m — associates for the elements, where

1<m<|2].

g=p-2,r=p-2and4,, = {
p—3,

implies

Two distinct elements are first associates, if they have jump
size k and they are [ 2] " — associates (1 <k < Lpz;zj ), if they
have |2 ] jump sizes. These associates are as shown in Table 2
along with their matrix representations.

1 ph=lfori<i<Z-1j=i+],
Y 2 ’
2. ph=1fori=1+j1<j<?-1
If2< k < 21, then
L ph=iforl<j<®-1i+j=k, j=k+iand
i+j=p-k
2. ph=lforl<js<Z-li=k+jandi+j=p-
k.

If k = g,then ph=2for1<i < g—land j=k—i with
other entries are all zero.

Hence the parameters of first kind are given by v = p, b=p,
g=p-2r=p-2 A,=p—4;1 SmstT_lJand
Am=p—3;m=|_§J.

4.Circulant graph with odd jump sizes

The Circulant graph with odd jump size C, (1,3, . . . ,ng) p
> 6 vertices is known as a complete bipartite graph K,
where p -p,; thatis, C, (1,3, . .. ,ng) = K, ..

1P2

Proposition 4.1: For any Circulant graph C, (1,3, ..., LEJ )
with p > 6 vertices,

ns (6o (13 L2])) =2

Proof : Let Cy(1,3, ... L2 ) be a Circulant graph of odd
jump sizes with p > 6 vertices and labelled as vy, Vo, . . ., Vp.
Since Cp (1,3, ..., LE]) = Kpp, With V (C, (1,3, .. .,
L21) =ViU Vo [Vil=prand | Vsl = pp, which is a
bipartite graph. Hence the set {u, v} form a y,,s-set of C, (1, 3,
, ng) for u € V, and v € V, Thus

s (6 (1.3, L2])) = 2 ollows

Table 2 Association schemes of circulants with even vertices.

Association scheme

Elements . P
First Second k 2
V(p- (k - 1) (modp), v
V Vp, V. Vp-1, V. . p
1 p. V2 p-1, V3 V(1+k)(m0dp) 1+2
V(p - (k-2)) (mod p), v
V; Vi V. Vp. V. p
2 1, V3 p, V4 V2 +1) (mod p) 245
V(p - (k-3)) (mod p), v
V: Vo V. Vi Vi p
3 2, V4 1, V5 V(3+k) (mod p) 3+2
Vi V(i-1)) (modp), V(i-2) (modp), Vip-(-i) (mod ). Y(+B)mod py
V(i+1) (mod p) V(i+2)) (mod p) V(i+ k) (mod p) 2
Vp Vp.1, V1 Vp2, V2 Vp-k, Vk ve
11HITUICIHIT “.4. 11T vulnlIcuuvull v an yns'DClD vl a LallbUICllit

With this association scheme, the parameters of second kind
aregivenbyn; =2for 1< j < pT_l—l,ng =1land
2

k
Py, pl p1g\
pk = i P, vk, o Py i

-
\Pgl P%Z

2
The possible values of k in the matrix P* are given below:
Ifk =1, then

graph Cp (1,3, ..., LEJ) ; p > 6 vertices form a PBIB-Designs
with 2 - association scheme and parameters are v = p, b = p,

1l ifm=1
g=2,r=2and, = {O o'g;\erwise.

Proof. Let C, (1,3,...,L>]) bea Circulant graph with p > 6

vertices and labelled as vy, vy, . . ., vp. By Proposition 4.1, we

have y,s (C,(1,3,... L2] ) = 2. Further, C, (1,3,... [ 2])
with p > 6 have p blocks of y,,¢-set, it implies
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b :‘tns(Cp (1,3,...,|_§J ) =p.

By Proposition 4.1, we have g = y,, (Cp (13...,L%] ) =2,
where g is the number of elements contained exactly in a
block.

From the above facts, we have r = 2.

To obtain the m — associates for the elements, where
1<m<|2].

Two distinct elements are odd associates, if they have odd

jump size and they are even associates (2 < k < LgJ ), if they

have even jump sizes. These associates are as shown in Table
3 along with their matrix representations.

Table 3 Association schemes of circulants with odd vertices

Association scheme

Elements . -1
First Second .. k p—-
2
Vip- (k- 1)) (mod p)
Vi Vp, V2 Vp.1, V3 . P P it TP kWY
P P V(1 +k) (mod p) = 2t
Vip- (k-
V2 Vi, V3 Vp Vs ... b-Ge2)modp). v, po1, Ve
V(2 +k) (mod p) 2
Vip- (k-
V3 Vo, Vg Vi, Vs .. (p- (k-3)) (mod p),. .. v3+L_1v v 34271
V(@ +Kk) (mod p) 2 2

v p-
V(i-1) (mod p), V(i-2) (mod p), (i+ 271 (modpy

V(i+1) (modp) V(i +2) (mod p)

V- (ki) (modp),

Vi
V(i + k) (mod p)

Y(i+ P21 4 1) (modp)

Vp Vp-1, V1 Vp-2, V2 Vp «, Vk ‘UPT_lv UPT_l+1

By Table 3, the parameters of second kind are given by
n; =2 for 1§i§p7_1and np =1
2

With the association scheme for the Table 3, we have the
matrix representation of the Circulant graph Cp(s, 5, .., sp)

p=>6is
/ phi  ph Pip-1 \
2
k
et

: 2
sy, Tt Py

Therefore the possible values of k in the matrix P* are given
below:

pk = i P P32

Ifk =1, then
1 ph=lfori<i<Z=—1j=i+1,
2. ph=lforisj<Bi-1i=1+],
_ -_p-1 . _ p-1
3. p}j—lforl—T,j—T.
IfZSkszi,then
1 pllcj:1for1§ig”zi,i+j:k,j:k+iand

i+j=p-k,
2. pf=1for1<j

IN

P2 izk+jandi+j=p-k.

If k = pT_l,then

_3 .
2’ J
-1
- 2 1

<

1 pl=1forl<i
2. pf=1forl<i

IA
<

j=E-—i

A
|

With other entries are all zero.
Hence the parameters of first kind are given by v =p, b=p,
g=2,r=2,A, =1where m = 1 and otherwise, 4,, = 0.

5.Circulant graph with even jump sizes
The even jump sizes (2, 4, ..., L% ]) of Circulant graph is
denoted by C, (2,4, ..., L% ]) with p > 4 vertices.

14

Proposition 5.1: For any Circulant graph C, (2, 4, .. ., L;J)

with p > 4 vertices,
3 ifpr=4n+1n=1

p —

V”S(CP(Z"‘""'LzJ)) B {g ifp=dn+4n 21
Proof . Let C)( 2,4, .. ., ng) be a Circulant graph with p =
4n + 1or4(n+1);n>1 vertices. We have the following two
cases.

Case 1: If p=4n + 1, n > 1 vertices, then the Circulant graph
Cp(2,4,...,[5])isa (2n - 1)-regular. Thus the result
follows.

Case 2: If p=4(n + 1), n > 1 vertices and D is an y,,;-set of
Co(2,4,..., L%J), then it covers all the vertices of V - D

and it is also an nonsplit dominating set. This implies that
ID| = |V = D |. Thus the result follows.

Theorem: The collection of all y,,s-sets of a Circulant graph C,
(2,4,..., |_§J) ; p > 4 vertices form a PBIB-Designs with |_§J
- association scheme and parameters are v = p, b =p,

1, ifm=1,
g=3r=3and1, = {0 if2=sms Lp%lj,
2, ifm=L2].

Proof. Let Cy(2,4,...,L2]) be aCirculant graph with
p=4n+1, n>1 vertices and labelled as vy, V5, . . ., Vp. By
Proposition 5.1, we have y,, (Cp (2,4,.. .,LEJ ) =3.
Further, C,(2, 4, ... ,ng)with p=4n+1; n>1havep
blocks of y,,s-set, it implies
b=1u(Cp(2.4,....[2] ) =p.

By
Proposition 5.1, we have g = ¥, (Cp( 2,4,.. .,LEJ) =3,
where g is the number of elements contained exactly in a
block.

From the above facts, we have r = 3.
To obtain the m — associates for the elements, where 1 <m <

2],

Two distinct elements are odd associates, if they have odd
jump size and they are even associates (2 < k < ng ), if they
have even jump sizes. These associates are as shown in the
above Table 2 along with their matrix representations.

Hence the parameters of first kind are given by v = p, b= p,
g=3,r=3,1,, =1where m=1; 1,, = 0 where
2§m§LpT_1J and A,, =2 where m= [ 2].
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Theorem 5.2: The collection of all y,¢-sets of a Circulant
graph C, (2, 4, ..., |_§J) ; p > 4 vertices form a PBIB-
Designs with |>] - association scheme and parameters are
g=r=landi, = {01,’ i}fr;n ilsse(;(icrlz.
Proof. Let C, (2,4, ..., 2]) be a Circulant graph with

p =4n+ 4, n>1 vertices and labelled as vy, V5, . . ., Vp. By
Proposition 5.1, we have 7y, (Cp(2,4,...,L§J ) = g.
Further, C, (2, 4, . . ., ng) with p = 4n + 4; n > 1 have two
blocks of y,,s-set, it implies

b=1C, (24...[2]))=2.

v=p,b=2

By Proposition 5.1, we have g = (Cp(2,4,...,L§J) = g,
where g is the number of elements contained exactly in a
block.

From the above facts, we have r = 1.

To obtain the m — associates for the elements, where
1<m<[2].

Two distinct elements are odd associates, if they have odd
jump size and they are even associates (2 < k < LgJ ), if they

have even jump sizes. These associates are as shown in the
above Table 2 along with their matrix representations.
Hence the parameters of first kind are given by v = p, b= 2,

g=5r=12,=1where  misoddand A, =0 where m
is even.

6.Circulant graph C, (1, 2, ... ,LZJ)

The jump size of Circulant graph is 1, 2, . . ., L= ] are known
as complete graph K, with p > 4 vertices, that is
Co(L2...,[E])= K.

Proposition 6.1: For any Circulant graph Cy (1, 2, ..., L2 )

with p > 4 vertices,

yns(cp(l,z,...,ng)):l.

Proof . Let C, (1,2, ..., L2]) be a Circulant graph with p > 4
vertices and labelled as

Vi, Va, . . ., V. If the Circulant graph C, (1,2, . . . ,ng) isa

(p - 1)- regular. Thus the result follows.

Theorem 6.1: The collection of all y,¢-sets of a Circulant
graph

Co(L,2,..., |_§J) ; p > 4 vertices form a PBIB-Designs with
LEJ - association scheme and parameters are v =p, b = p,
g=1,r=land4, =0.

Proof. Let C, (1, 2,...,L2]) be a Circulant graph with p > 4

vertices and labelled as vy, vy, . . ., vp. By Proposition 6.1, we

have s (Cp (L.2,...,[2) ) =1,

Further, Cy (1,2, ...,L2]) with p >4 have p blocks of -
b:TnS(Cp(lxztngj)) = p

By Proposition 6.1, we have g = y, (Cp( 1,2,.. ,,L%j) ) =1,

where g is the number of elements contained exactly in a
block.

set, it implies

From the above facts, we have r = 1.
Two distinct vertices {vi} and{v;} are said to be k™ associates

where 1 <k < ng if they are adjacent. These associates are as

shown in the above Table 1 along with their matrix
representations.

Hence the parameters of first kind are givenby v =p,b=p, g
=1, r=1land4,, = 0.
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