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them added with one is a perfect square. Also, we prove that this sequence of triple can be
extended to a sequence of quadruples with the same property.
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INTRODUCTION
Let 7 be an integer. A set of positive integers (al sy s Ay e ,a,, )is said to have the property D(n) if a,a;+n is a perfect

square for all 1 <7 < j < m ; such a set is called a Diophantine 7 — tuple or a p, set of size m .The problem of construction

of such set was studied by Diophantus. He studied the following problem. Find four (positive rational) numbers such that the

1 33 17 105

product of any two of them increased by 1 is a perfect square. He obtained the following solution: E’E,?,E (see [1]).
The first set of four positive integers with the above property was found by Fermat, and it was {1 ,3,8,120 } Euler gave the

solution {a ,b,a+b+2r ,4r(r + a)(r + b) } , where ab+1=7r" (See [2] ) . For an extensive review of various articles one
may refer [3- 18]. In this communication we extend the Diophantine triple involving Pell numbers to a quadruple with the
property D(l) .

Method of Analysis

Let a=p,, ,b=p,,., where pnzw be any two integers such that ab +1 is a perfect square.

Let ¢ be the non —zero integer such that

cp,, +t1=a’ 1

Papiy +1= 132 (2)

From (1), we get
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€)

Substituting (3) in (2), we notice that

(052 _1)p2n+2 + P = pZn,BZ 4)
Let

a=X+p,T )
B=X+p,.,T (6)
In view of (5) and (6) in (4), we obtain

X?*=DT? +1where D = ab (7

Choosing the initial solution to the Pellian equation (7), as

Xo=Py> Ty =1,

we get
A=Pryy T Py

B="Drt Ponia

Substituting the values of ¢ in (1), we get

C=Py +2Ds0  Prnia
Thus, we notice that {p2n,p2n +2 - Pan+20ap +1+p2n+2} is a Diophantine triple with the property D(1).

Let d be the non —zero integer such that

db+1=a; (®)
de+1=p; ©)

From (8), we get

_al-1
b

Now, Let € be the non —zero integer such that

d

(10)

ec+l=a; (11)

ed +1= 3 (12)
From (11), we get

2
o; —1
e=—2

(13)
c

Let f be the non —zero integer such that
fd+1=a; (14)

fe+1=p; (15)
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From (14), we get

Choose
A = Doyt F 2P0, 5By =P t3P00 T 2P5000
Ay = Doy T Ponis tC s By = Popia T Papis +d

2
a; —1

(16)

B3 =Pn42 Pone3 Panra ™ P3=P2yi 2 Papa 3t Paprate
and applying the same procedure as explained above, we evaluate that

d=p,, +4p,,4 t4D5,.
e=2p,, +6p,, 1 +7Ps2 ¥2D5,3

S =3p,, +10p,,. +13p,, ., +4p,,.s+2p,,.,

Thus, we get the following sequence of triples with the property D(l).

{P2n+2’ Pru 2Py 1t Po g0 P2n+4P2n+1*41’2n+2}’ P2 2P0 P2 Pt P2 4P ons2e 2P0 6P2 1T P22 2P 03} >

{Pon +4P2ns1 +4P2ns2s 2P2n +6P2ps1 + TP2ni2 +2P2m43 s 3P20 +10p2,41 +13p212 +4P2,13 +2P2n14 )
Hence, we acquire that

{a ,b,c } , {b ,C, d}, {c ,d ,e}, {d ,e, f}, ........ is a sequence of triples with the property D(1).
The sequence of triples can be extended to a sequence of quadruples as follows

Let ©# be any non-zero integer such that

ua+1=95; (17)
ub+1=5; (18)
uc+1=35; (19)

By using the initial solution to (7), its general solution is represented by

X, = %[(erHl + \/B)}Hl + (p2n+l - \/B)nﬂ}

T, = ﬁ[(phﬂ + \/B)H1 - (p2n+l - \/B)HH}
Therefore,

X, =p22n+l+D

T =2p,,.,

Take

0, =X, +al| = p§n+1 +D+2ap,,,, (20)
6y =X +014 =P§n+1+D+2bpzn+11 1)
0, =X, +cT, = p22n+l +D+2cp,,,, (22)

Substituting (20) in (17), we obtain

u= p2n+2 [2p§n+1 + 2 + 4p2np2n+l + 2p2n+2p2n ]+ 4p2np22n+1 + 4p;n+1
Thus, we get
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{pZn s Pawrs Dot 2Pra ¥ Prpas Ponn [2p22n+1 +244p,, Dy +2p2n+2p2n]+ 4D5, Dot + 4p;n+l} is a Diophantine
quadruple with the property D(1).

Let v be any non-zero integer such that
vb+1=n!

ve+l=n;

vd +1=n;

Let W be any non-zero integer such that
we +1= ¢!

wd +1= @]

we+1=p;

Let X be any non-zero integer such that
xd+1=pu!

xe+1=

xf+1=

Consider

M =(Pans1 + Pans2 )+ D+26(p2y1 + Pans2) 12 =(Pons1 + Ponsa ) + D+ 2e(pays1 + Pans2)
73 =(Pans1 + Pans2 )> +D+2d(poyst + Pons2)

01 = (Pans2 + Pans3 )+ D+2e(ponsn + Panss)

02 = (Pans2 + Pans3 )+ D+2d(poyi + Pons3)

03 =(Pans2 + Pans3 ) + D+2e(p2nsn + Panss)

t1 = (Pons2 + Panss + Pansa ) + D +2d(pryin + Ponss + Panss)

1 =(Pans2 + Panss + Pansa )+ D+2e(pryin + Ponss + Ponss)

2
13 =(Pons2 + Poanss + Pansa )" +D+2f(Pania + Poans3 + Pansa)

and repeating the same procedure as explained above, we find that

V= (4p2n+2 (pZn +2P5,0 F Pania )2 + [p2n+l + Ponia ](4p2n+2 (p2n+l + Ponia ) +8Psn (p2n +2P5,0 F Pania )"’ 4)
+ 4(p2n +2D51 + Ponia ))
w= (4(]72;1 + 2P0t Ponia )(pzn +4p,,0 t4D5,., )2 +
(p2n+2 T Panss )[4(p2n + 220 * Pania )(p2n+2 + p2n+3)+ 8(p2n +2Ds T Pania )(pzn +A4py,., + 4p2n+2)+ 4]+
4(172;1 +A4D5,0 T 4P, ))
X = (4(p2n + 4D 4D, )(2p2n +0D,, + TPy 205,45 )2 +
4(p2n +A4p50 40,0 )(p2n+2 T Ponis T Pansa )+
8(p2n +4p5,0 4D, szzn + 0D, T TPy +2P5,5 )+ 4

4(2p2n + 0Pt TPopis T 22,5 ))
obtain the following sequence of quadruples with the property D(1).

(p2n+2 t Pyt p2n+4){ + Thus, we

2
(P2n+2 s Pan T2P2ns1 + Poni2s Pan +4P2ms1 +4P2ns2 s 4P2ns2(Pon + 20041 + Ponsa) +
[P2ns1 + Pons2 N4P2ns2(Panst + Pans2) +8P2ns2(Pan +2P2ns1 + Pans2)+4)+ 4oy + 2201 + Pany2))
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(p2n +2D501 F Pania > Pon t4P20a T4D202s 2D2, 10D, + 70000 +2D5,05

4(p2n +2Ds0 * Panis )(pZn +4p,, 4D )2 +
(p2n+2 + D23 )[4(p2n 2P0 F Pani )(p2n+2 t D3 ) + 8(p2n +2D5,0 F Ponis )(p2n +4D50 4D, )+ 4]
+ 4(p2n + 4p2n+1 + 4p2n+2 ))

(Pan +4P2ns1 +4P2ns2 s 2P2m +6P2p41 + TP2ps2 +2P2043 s 3P20 +10p2,1 +13P2, 10 +4D203 + 22014 »

Aoy +4P2ns1 +4P2012 X220 + 6P20s1 + TP2ns2 +2P2013 ) +

Ypan +4p2nst +4P2ms2 P2ns2 + Pones + Ponsa)+ }
8(Pan +4P2ns1 + 42002 N2P2n + P20t + T P2ns2 +2P2043) + 4
42poy +6p2ys1 +7P2ns2 +2P2043))

Hence, we attain that

(P2n+2 + Pop+3 t P2n+4){

{a ,b,c ,u} , {b ,C, d,v}, {C ,d e, W}, {d e, f, x} ........ is a sequence of quadruples such that the product of any two of them
increased by 1 is a perfect square.

Some numerical examples for the above sequences of Diophantine quadruple with property D(1) are presented below

. (a,b,c,u) (b,c,d,v) (c,d,e,w) (d,e,f,x)
1 70,176,468,
(2,12,24,2380)  (12,24,70,80852) (24,70,176,183260 )

23064468
408,1026,2728,

2 (12,70,140,470844) (70,140,408,15994836) (140 408,1026,234423628)
4567858820

3 (70,408,816,93222¢ (408,816,2378,316681¢ (816,2378,5980,4 641553451 | 2378:5980,15900,
9044200325 x10"

CONCLUSION

In this communication, we have exhibited the sequence of quadruple involving Pell numbers with the property D(1). To
conclude, one may search for the sequence of quadruples and quintuples consist of various numbers with some other properties.
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