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1. INTRODUCTION

Throughout the paper we denote the set of n-dimensional row vector on the real number field by R"
Also,

R ={ X =(XoX,) €R" 2 %, > 01=1,2,3,...,n}.
Let p,g€Rand a,b eR,: = (0,00) The Gini Means[47] are defined as

XP +yP %p—q)
X+ ye ’ P4
G (a’ b) - 1.2
xPInx+y’Iny
Xp PR v P=q
X4 +y

It is easy to see that the Gini means prq (a, b) are continuous on the domain {(a, b; p, q):a, beR,;p,q eR}

and differentiable with respect to (a, b)e R?, for fixed P,q € R Also,Gini means are symmetric with respect to a,b and p,q.

Gini means Gp q (a, b)contain many classical two variable means, for example

G 10 (X, y) :¥: A(X, y) is the arithmetic mean,

G (X, y)=\/@=G (X, y) is the geometric mean,
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2X
G, (X, y):—y: H (X, y) is the harmonic mean
' X+Yy
_ xP+yP
and more generally, the p-th power mean is equal to Gp b1 (X, y) e the Lehmer mean.
' X' +y

The basic properties of Gini means, as well as their comparison theorems, log-convexities, and inequalities are studied in papers
[8,9, 10, 11, 20, 21, 25, 26, 27, 30, 36, 43, 44, 45, 48].
In recent years Schur-convexity and Schur-geometric convexity of Gini mean have attracted the attention of a considerable

number of mathematicians [5, 19, 26, 28, 31, 33]. Sandor proved that the Gini means prq (a, b) are Schur convex on
(-0,0] x(-o0,0] and Schur concave on [-00,0) x[-00,0) with respect (p,q) for fixed a,b>0 witha # b . Yang improved Sandor's result
and proved that Gini means prq (a, b) are Schur convex with respect to (p,q) for fixed a,b>0 with a = b if and only if p+g< 0

and Schur concave if and only if p+g> 0. Wang and Zhang [49, 50] showed that Gini means prq (a, b) are Schur convex with

respect to (a, b)e R?, if and only if p+q >1, p,g > 0 and Schur concave if and only if p+q <l,p<0orp +q <1, g <0.Gu and
Shi [12,25] also discussed the Schur convexity. Recently Chu and Xia [6] also proved the same results as Wang and Zhang's.
The Schur geometrically convexity was introduced by Zhang [50]. Wang and Zhang [49] proved Gini meansGqu (a, b)are Schur

geometrically convex with respect to (a, b) cR2%. if p+q >0 and Schur geometrically concave if p+q < 0.Gu and Shi [12,25]
»1p (8 b)and Gini mean G, , (a,b) respectively.

Investigation of the elementary properties and inequalities for Ly(x; y) has attracted the attention of a considerable number of
mathematicians (see [1, 3, 10, 12, 14, 21, 23, 26, 28, 31]).

In 2009, Gu and Shi [11] discussed the Schur convexity and Schur geometric convexity of the Lehmer means Ly(x, y) with respect
to (x, y) € R?, for fixed p. Subsequently, Xia and Chu [36] researched the Schur harmonic convexity of the Lehmer means Lo(x, ¥)
with respect to (x, y) € R2, for fixed p.

also investigated Schur geometrically convexities of Lenmer mean G

In 2016, Chun-Ru Fu and et al[51], defined Lehmer mean of n variables L, (X) on certain subsets of R! as follows

2 X/
Lo (X) = L, (X, X0y X)) =—2—

n b1
Zl Xi

and studied Schur-convexity, Schur-geometric convexity and Schur-harmonic convexity for Lehmer mean of n variables LP(X)

(1.2)

on certain subsets of Rf, and also established some interesting inequalities. This paper motivated us to study about Schur-

convexity for Gini mean of n variables.

Let X =(Xg.oonn X.) €R,".For Schur-convexity and Schur-geometric convexity of n variables Gini mean, and consider
p=1+q,then

n g+l
L
gx?

G, (X) = Gy (X, X510, X;)

Ay

(1.3)

K .M Nagaraja and P Siva Kota Reddy [46] obtained the following results.

o0

Lemma 1.1[46]: For a,b> 0, then the sequence ¢, = Z(a” + b”) is log convex.
n=0

a"+b"
an—l + bn—l
(a,b) >C, (a,b) for all real n.
Theorem 1.3: The generalized Contra-harmonic mean is monotonically increasing with respect to the parameter n if and only if
the sequence g, of Lemma 1.1 is log-convex.

Lemma 1.2 [46]: For a,b > 0, then the generalized Contra-harmonic mean Cn (a, b):

is increasing with respect to the parameter n , thatis C_
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Schur-Convexity For Gini mean of n Variables

Remark: L,(x) <G, (X)

Proof: Let g, = (a” +b”),consider

00 —nit Ons =(a" +D" )2 —(a™ +b")(a" +b")
=a"'b"*| 2ab-a’ - b |
=-a""h"* (a—b)2 <0.

This proves that g.° <g,., g, ,. Substitute g, =a" +b".

an +bn <an+l+bn+l

Then, <
a"t+b" " a"+b"
n P n q+1
> X XX
This implies that, == <t
n n
p-1 q
2 X X,
i1 i1

ie, L, (X) <G, (x).
In this paper, we study Schur-convexity, Schur-geometric convexity and Schur-harmonic convexity of Gq (X) on certain subsets
of Rf . As consequences, some interesting inequalities are obtained.
2. DEFINATION AND LEMMA
We need the following definitions and lemmas.

Definition 2.1: ([17,27]). Let X =(X,,X,, X3, X, ) and Y =( Yy, Y5, Yoo ¥y ) € R”

K K n n
1. xis said to be majorized by y (in symbols x < y),ZX[i] < Z Yy for k=12,3..,.n-1 andZ:Xi < Zyi where
i=1 i=1

i=1 i=1

X[l] >..2 X[n] and y[l] 2.2 y[n] are rearrangement of X and Y in a descending order.

2. Qc R"is called a convex set, if(OzX1+[5'y1,aX2+[3y2,...,axn+ﬂyn)EQ,for any x and y e, where
a and B e[O,l]with a+p=1

3. Let Qc R", the function @:Q—>R" is said to be schur convex function on Q if x<y onQ implies
@(X) < @(y). @ is said to be a Schur concave function on Q, if and only if — ¢ is Schur convex function.

Definition 2.2: ([20,44]). Let X=X, Xy, X3, X, ) and Y = (V;, Yy Voo Yo ) € R”,.
1. Qc R"s called geometrically convex set, if (Xla VS S A ynﬂ)e Q ,for any x and y €Q, where
a, B E[O,l] with o + B =1.
2. Lt Qc R"+ , the function ¢@:Q— R+n is said to be schur geometrically convex function on € if

(In X, INX,,....In Xn)< (In y,Iny,,...In yn) on Q implies @(X) < @(Y). @ is said to be a Schur geometrically

concave function on €2 ifand only if — ¢ is Schur geometrically convex function.
Definition 2.3: ([4,18]). Let X =(X,,X,, X5,.s X, ) and Y = (¥, Y5, Yarees ¥ ) € R, .

1. Aset Q< R" is said to be a harmonically convex set, if

lel X2y2 Xnyn cO
A +(L=2)y, A% +(1-2)y, T AX +(1-A)y,

foranyx andy € Q2, and A< [0, 1].
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2. A functionQDZQ—)R+ is said to be a Schur -harmonically convex function on €, if

[i,i,...,ij < (i,i,...,i} implies @(X) < @(Y). @ is said to be a Schur harmonically concave function
Xl X2 Xn yl y2 yn

on Q ifandonlyif —¢ isa Schur -harmonically convex function.

Lemma 2.4: ([17,27]). Let QC R" be symmetric with non emptyinterior convex set and let ¢ : €2 — R_ be continuous on

Q and differentiable on Q°. Then ¢ is Schur convex (concave) if

s 2202

OX,

holds for any X :(X11X21 Xgyueny Xn)e Q°.
Remark 2.5: [9,19]. It is easy to see that the condition (2.1) is equivalent to

o9(x) _ 2(x

OX: OX:

i i+1

(or= resp.), i=1,...,n-1, forall xe DM Q,

where D ={x:xl <X, S...an}

The condition (2.1) is also equivalent to
op(X) . 9p(X)
8Xil 8Xi+1

where E ={x:xl 2 X, 2.2 xn}.

(or=> resp.), i=1,..,n-1, forall xe EN Q,

Lemma 2.6: ([20,44]). Let Q C R" bea symmetric geometrically convex set with non empty interior Q°. Let p:Q—>R,
be continuous on Qand differentiable on Q. Theng is Schurgemetrically convex (concave) function
X:(Xl,XZ,XS, " )EQ if and only if ¢ is symmetric on (2and

(%, x)( ( ) ~X, op(X )]zo(so).

OX,

holds for any X:(Xl,XZ,XS,...,Xn)eQ0

Remark 2.7: It is easy to see that the condition (2.2) is equivalent to

90 ()
i axi = %N+l 6Xi+1

where D ={x:xl <X, S...an}
The condition (2.2) is also equivalent to

X. M > X M
i axi = %N+l 8Xi+1

where E ={x:xl 2 X, 2.2 xn}.

(or= resp.), i=1,...,n-1, forall xe DM Q,

(or= resp.), i=1,..,n-1, forall xe EN Q,

Lemma 2.8: ([4,18]). Let QC R" be symmetric harmonically convex set with non empty interior Q°. Let @:Q —> R, be
continuous on Q and differentiable on  Q°. Theng is Schur harmonically convex (concave) function
X= (X11 Xpy Xgyees Xn) e Nifand only if ¢ is symmetric on€2 and

(x, - xz)(xl2 aqg)((x ) X, ag)((x )] > 0(<0).
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holds for any X:(Xl,XZ,XS,...,Xn)eQ0

Remark 2.9: It is easy to see that the condition (2.3) is equivalent to

L0800 L a()
i ax' = i+l ax

i i+1

where D ={x:xl <X, s...gxn}

(or= resp.), i=1,...,n-1, forall xe DM Q,

The condition (2.3) is also equivalent to

L0800 L op(x)
i ax' = N+l 8X

i i+1

where E ={x:xl 2 X, 2.2 xn}.

(or= resp.), i=1,..,n-1, forall xe EN Q,

Lemma2.10: Let X, =X, >...2X >0, meR. Then

m m m
X" +X," X,

X, > . >,
X", T

Proof
X (4" )= (" X

:X1 ( _X1)+sz_l(xl_x2)+"'+Xnm_l(xl_xn)zo’
xn(xlm‘1+x2m‘1+...+ ) (X1 +X +"'+Xnm)

= X" (X, = X) + %" (X, = X, )+ X, (X, — X, )< 0.
This is proof of Lemma 2.10
Lemma 2.11: ([17]). Let X=X, X,,.... X, ) R and A, (x) =%in.Then
i=1

= (A, A (X)seees A (X)) < (X Xgrov Xy ) =X

n

3. MAIN RESULTS

Theorem 3.1 Let X =(X,, X,,...,X,) €R,",n>2 andq eR.

(1) If g>1, thenforanya >0,G . (x) isSchur-convex with x {(?q—l)la a]
+

(1) 1f g <0, thenforanya>0,G _(x) isSchur-concavewith x e [a, (9 —1361]
q+

Proof
Straightforward computation gives

q q q-1 q+1
G, (x) (q+1)x, Zx —gx; Zx

j=1

_ i=12,..

1 i—12..n. (3.1.1)
&)
j=1

and then

0G, (x) G (x) _ fi(x) i=12,..n,

6Xi 6Xi+1 (Z” 1qu)2
i=
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— aN"" oy _qyalNT" oy oo
where  f,(X) = (q+1)x, Zj:lxj qx. Zj:lxj .
Itis clear that Gq (X) is symmetric with x e R]". Without loss of generality, we may assume that

X2X, 2.2 X, >0.

For any a > 0, according to the integral mean value theorem, there isa & which lies between
X;and X;,, such that

@+D" —x.," )l = x, "} =a(a+ D[ xdx - a(q - 1) x*
=q [ [(a+Dx*" ~a(g-1) x**Jdx

= al@+D& —ag-1*J(x, - x..)

SR ICE e o

q+1
(9-1)a
Proof of (I): When g >1 and a=>X,>X, >...2 X, 2—1 >0, from 3.1.2 we have
q+
(q+ 1)(Xiq — Xiyg )_ aQ(Xiq_l - Xi+1q_l) >0
that is
a a
(q +1)_(1Xi - Xi+_11 ) > a
q (Xiq - Xi+1q

and then from Lemma 2.10 it follows that

(q+1) (Xiq — Xy ) z?zl Xj "

> X, = ,
q (Xiq_1 - Xi+1q_1) ' Zr;:lxj d
namely, f. (X)ZO, and then %G, (X) Zan (X)
aXi aXi+1

-Da
By Lemma 2.4 it follows that G (x) is Schur-convex with Xe& {u,a} .

-1)a
Proof of (11): Wheng <0 and %ZXIZXZ >..2x >a>0,
q+

(q+1) (Xiq - Xi+1q)_ aq (Xiq_l - Xi+1q_l) <0
and then from Lemma 2.5, it follows that
n gq+1
(g +1)(Xiq - Xi+1q) < x < Z:j:lxi
q-1 q-1 - n— n q
q (Xi = Xi ) zjzlxj

namely,

dG, (x) _ %G, (x)
ox Xy,

f. (X)ZO, and then

. m—DaT_

By Lemma 2.4 it follows that G, (X) is Schur-concave with X & { , 1
q+

The proof of Theorem 3.1 is complete.

Theorem 3.2 Letx =(X, X,,...,X,) €R,",n>2 andq eR.

6693
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(1) Ifg< %and q=#0, thenforanya>0,G ( ) is Schur-geometrically concave with x {a a(

ol

(1) Ifq >%,then foranya>0,G ( ) isSchur-geometrically convex with x [a(

Proof
From (3.1.1), we have

L6, (0 36, (x)_ g

i aXi i+1 GXi o N 2
2 X
=1

where

0,00= @0, S -

i=12,..,n,

n
)Zl qu+1.

Itis clear that Gq (X) is symmetric with x e R]". Without loss of generality, we may assume that

X=X, >...2X, >0.

For any a >0, according to the integral mean value theorem, there is a & which lies between

X;and X;,, such that

(q+1)( " +1“+1)—aq(xiq— .+1) q+1)2J' X'dx-a 2)J':i:lxq‘ldx

- J.:l[(q +1f x' -a q2 ) xq‘l]dx

= [(q+1)2 &t _a(q 2)§q_l](xi _Xi+1)
i <q+1>25q-1[5—(ﬁ] ]( )

1
Proof of (I): When q >§ and a=2X,2X, 2...2 X, 2[

(q+1)( "X, q*l) aq( qu)zo
that is

(g +1)( " |+1q+1) >3
q (Xiq - Xi+1q) -

and then from Lemma 2.10, it follows that

@+D(x-x) 2N

q(xq—leq) 3 X,

namely, gi(X)ZO, and then X

2 n
geometrically convex with X& Hij a, a] .

2
ij a>0, from 3.2.1 we have

g+1

6694
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Proof of (11): When q < % and [L

2
1] azx=x,>..2x,2a>0,
q+

(q + 1)(Xiq+l qﬂ) aq( |+lq )S 0
and then from Lemma 210, it follows that

@) 2

<X <

q(xiq_xmq) - ZX q

namely,
oG
6X~ aXi+1

2
By Lemma 2.6 it follows that G4(x) is Schur- geometrically concave with X€ | a ,(il a
q+
Proof of (111): When g=0 g; (X)S 0 it follows that Gq(x) is Schur- geometrically concave with x e R}
The proof of Theorem 3.2 is complete.
Theorem 3.3. Let X =(x,X,,...,X,) €R,",n>2 andq eR.

) If g>2, thenforanya >0,G (x) is Schur-Harmonically convex with x e (a)a ,a
q q +

a
(I1) If g<-2, thenforanya>0,G ( ) isSchur-Harmonically concave with x e [a gq) ]
+

Proof
From (3.1.1), we have

xzw_xz_ oG, () h, (x) i1=12,..,n-1,

i O%; " 2 (Z?_lqu)z

where
h ()= @+ D™ x5 %, g (g - x,, D %

Itis clear that Gq (X) is symmetric with x e R!". Without loss of generality, we may assume that

X=X, >...>X, >0.
For any a >0, according to the integral mean value theorem, there is a & which lies between
X;and X;,, such that

(q+1)(xiq+2 ‘”2) aq( ot q”) =(q+1) q+2J' xdx —aq q+1J' X %dx
- J.:_i [(@+1)q+2)%* —aq(q+1)x° Jdx (33.2)
=[(a+a+2)e" ~ag (a+1)°)(x ~x,.,)

Sl
q

Proof of (I): When g >2 and a=X, =X, >...> X, 2(—2 a>0, from 3.3.1 we have
q+

(q+1)( q+2 — X Q+2) aq( q+1 Xi+1q+l)20
that is
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q+2 q+2
(CI +1) (Xi — Xin )
gq+1 gq+1
q (Xi — Xin )
and then from Lemma 2.10, it follows that

(9+1) (Xiq+2 X|+1q+2) z Lt J

> a

> X
q+1 q+1 = 1
Q(Xi - Xin ) 2—1 i
oG, (X oG, (X
namely, 1 (X)=0, and then Xizq—() > X, q—()
aXi aXi+1
n
By Lemma 2.8 and remark 2.9 it follows that G (x) is Schur- harmonically convex with Xe KLZ a,a| .
q+
Proof of (11): When g <—-2 and (LZ azx =X, >..2x,2a>0,
q+

(q + -’]-)()(iq+2 X|+lq+2 )_ a(q(xiq+l X|+lq+l)S 0
and then from Lemma 2.10, it follows that

(q+12) (Xiq+2 X|+1q+2) < x Z] 1 J
q (Xiq+1 - Xi+1q+1) = Z - ,

oG oG
namely, hi(X)ZO, and then xizq—(x) < x f (X)
0X; aXi+1

n
By Lemma 2.8 and Remark 2.9 it follows that G,4(x) is Schur- harmonically concave with X & { a ,[ﬁj a} .
+

The Proof of Theorem 3.3 is complete.

4. Applications

(g-1)a
g+1

Theorem 4.1: If q>1, thenforanya >0, x e ( ,a] then we have

A, (x) = G,(x) (4.1)

“1)a)"
Ifg<0,andxe (a, (q za] then the inequality (4.1) is reversed
q+

(a-1)a

g+1

n
Proof: If q>1, thenforanya >0, xe ( , a] then by theorem 2.5 from Lemma 2.11 we have

G,(u) > G,(x).

(g-1)a

g+1

rearranging gives (4.1) If <0, andx e (a ] then the inequality (4.1) is reversed

The proof is complete.

2 n
Theorem 4.2: If g > % thenforanya >0,x € La(ilj ,a} then we have
q+

G, (x) = G,(x) (4.2)
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where G, (X)={/XX,...X, is geometric mean of x.

2 n
If g <£, g=0and xe La a( q J } then the inequality (4.2) is reversed

q+

Proof: By Lemma 2.11 we have

[Ioan(x) ..... Ioan(x)}(logxl,logx2 ..... logx,),

2 n
If q> 1 and, x € [a( g J ,a] , by theorem 2.6 it follows
2 q+1

Gy| G, (X)1- Gy (X) [SGy (Xys Xgseems Xy ),

n

2 n
rearranging gives (4.2) If q < i, q=#0andxe La a( g J } then the inequality (4.2) is reversed.
q +1

The proof is complete.

Theorem 4.3: If g > 2, thenforanya > 0,Xx (( ) ] then we have
q+

H, (X) < G,(x) (4.3)

n . .
where H, (X)= 1 is the harmonic mean of x.
n

i=1 X.

Ifg<-2,xe (a,a( q 2]] then the inequality (4.3) is reversed
q+
Proof: By Lemma 2.11 we have

n
If g>2and,x e (a( ],aj , by theorem 2.7 it follows

q+2

Gy| Hy(X),e H (X)) [SG (X Xpreen X, ),

n

n
rearranging gives (4.3) If q<—2,andx € (a, a( a 2]] then the inequality (4.3) is reversed.
q+

The proof is complete.

References
1. H. Alzer, UberLehmersMittelwertfamilie, (German) [On Lehmer's family of mean values], Elem. Math., 43(1988), 50-54.

6697



Schur-Convexity For Gini mean of n Variables

2.

10.
11.

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24,
25.

26.
217.
28.
29.
30.
3L
32.

33.
34.

35.

36.
37.

38.

39.

H. Alzer, BestmoglicheAbschatzungen fur spezielleMittelwerte, (German) [Best possible estimates for special mean
values], Zb. Rad. Prirod.-Mat. Fak. Ser. Mat., 23 (1993), 331-346.

E. F. Beckenbach, A class of mean value functions, Amer. Math. Monthly, 57 (1950), 1-6.

Y.-M. Chu, G.-D.Wang, X.-H. Zhang, The Schur multiplicative and harmonic convexities of the completesym-metric
function, Math. Nachr., 284 (2011), 653-663.

Y.-M. Chu, W.-F. Xia, Necessary and sucient conditions for the Schur harmonic convexity of the generalized Muirhead
mean, Proc. A. Razmadze Math. Inst., 152 (2010), 19-27.

Y.-M. Chu, X.-M. Zhang, Necessary and sufcient conditions such that extended mean values are Schur- convexor Schur-
concave, J. Math. Kyoto Univ., 48 (2008), 229-238.

Y.-M. Chu, X. M. Zhang, G.-D. Wang, The Schur geometrical convexity of the extended mean values, J. Convex Anal., 15
(2008), 707-718

L.-L. Fu, B.-Y. Xi, H. M. Srivastava, Schur-convexity of the generalized Heronian means involving two positivenumbers,
Taiwanese J. Math., 15 (2011), 2721-2731.

W.-M. Gong, H. Shen, Y.-M.Chu, The Schur convexity for the generalized Muirhead mean, J. Math. Inequal.,8(2014), 855-
862.

H. W. Gould, M. E. Mays, Series expansions of means, J. Math. Anal. Appl., 101 (1984), 611-621.

C. Gu, H. N. Shi, The Schur-convexity and the Schur-geometric concavity of Lehme means, (Chinese) Math.Pract. Theory,
39 (2009), 183-188.

Z.-J. Guo, X.-H.Shen, Y.-M. Chu, The best possible Lehmer mean bounds for a convex combination of logarithmicand
harmonic means, Int. Math. Forum, 8 (2013), 1539 -1551.

D. H. Lehmer, On the compounding of certain means, J. Math. Anal. Appl., 36 (1971), 183-200.

Z. Liu, Remark on inequalities between Holder and Lehmer means, J. Math. Anal. Appl., 247 (2000), 309-313.

V. Lokesha, N. Kumar, K. M. Nagaraja, S. Padmanabhan, Schur geometric convexity for ratio of difference ofmeans, J.
Sci. Res. Reports, 3 (2014), 1211-1219.

V. Lokesha, K. M. Nagaraja, N. kumar, Y.-D. Wu, Shur convexity of Gnan mean for positive arguments, Notes Number
Theory Discrete Math., 17 (2011), 37-41.

A. W. Marshall, 1. Olkin, Inequalities: theory of majorization and its applications, Mathematics in Science andEngineering,
Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-London, (1979).

J.-X. Meng, Y.-M.Chu, X.-M. Tang, TheSchur-harmonic-convexity of dual form of the Hamy symmetric function, Mat.
Vesnik, 62 (2010), 37-46.

K. M. Nagaraja, S. K. Sahu, Schur harmonic convexity of Stolarsky extended mean values, Scientia Magna, 9(2013), 18-
29.

C. P. Niculescu, Convexity according to the geometric mean, Math. Inequal. Appl., 3 (2000), 155-167.2.2, 2.6

Z. Pales, Inequalities for sums of powers, J. Math. Anal. Appl., 131 (1988), 265-270.

F. Qi, J. Sandor, S. S. Dragomir, A. Sofo, Notes on the Schur-convexity of the extended mean values, Taiwanese J. Math.,
9 (2005), 411-420.

Y.-F. Qiu, M.-K.Wang, Y.-M.Chu, G.-D. Wang, Two sharp inequalities for Lehmer mean, identric mean andlogarithmic
mean, J. Math. Inequal., 5 (2011), 301-306.

J. Sandor, TheSchur-convexity of Stolarsky and Gini means, Banach J. Math. Anal., 1 (2007), 212-215.

H.-N. Shi, Y.-M.Jiang, W.-D. Jiang, Schur-convexity and Schur-geometrically concavity of Gini means, Comput. Math.
Appl., 57 (2009), 266-274

K. B. Stolarsky, Heolder means, Lehmer means, andx" log cosh x, J. Math. Anal. Appl., 202 (1996), 810-818.

B.-Y. Wang, Foundations of Majorization Inequalities, (in Chinese) Beijing Normal Univ. Press, Beijing, China, (1990).

M. K. Wang, Y.-M. Chu, G.-D. Wang, A sharp double inequality between the Lehmer and arithmetic- geometricmeans, Pac.
J. Appl. Math., 4 (2012), 1-25.

M.-K. Wang, Y.-F.Qiu, Y.-M. Chu, Sharp bounds for seiffert means in terms of Lehmer means, J. Math.Inequal.,4 (2010),
581-586.

S. R. Wassell, Rediscovering a family of means, Math. Intelligencer, 24 (2002), 58-65.

A. Witkowski, Convexity of weighted Stolarsky means, JIPAM. J. Inequal. Pure Appl. Math., 7 (2006), 6 pages.

A. Witkowski, On Schur-convexity and Schur-geometric convexity of four-parameter family of means, Math.Inequal. Appl.,
14 (2011), 897-903

Y. Wu, F. Qi, Schur-harmonic convexity for differences of some means, Analysis (Munich), 32 (2012), 263-270.

Y. Wu, F. Qi, H.-N. Shi, Schur-harmonic convexity for differences of some special means in two variables, J. Math.
Inequal.,8 (2014), 321-330.

W.-F. Xia, Y.-M. Chu, The Schur convexity of the weighted generalized logarithmic mean values according toharmonic
mean, Int. J. Mod. Math., 4 (2009), 225-233.

W.-F. Xia, Y.-M. Chu, The Schur harmonic convexity of Lehmer means, Int. Math. Forum, 4 (2009), 2009-2015.

W.-F. Xia, Y.-M. Chu, The Schur multiplicative convexity of the generalized Muirheadmean values, Int. J. Funct.
Anal.Oper. Theory Appl., 1 (2009), 1-8.

W.-F. Xia, Y.-M. Chu, The Schur convexity of Ginimean values in the sense of harmonic mean, Acta Math. Sci. Ser. B
Engl. Ed., 31 (2011), 1103-1112

W.-F. Xia, Y.-M.Chu, G.-D. Wang, Necessary and sucient conditions for the Schur harmonic convexity orconcavity of the
extended mean values, Rev. Un. Mat. Argentina, 51 (2010), 121-132.

6698



International Journal of Current Advanced Research Vol 6, Issue 10, pp 6688-6698, October 2017

40.

41.
42,
43.
44,
45.

46.
47,
48.
49.
50.

Sl

Z.-H. Yang, Necessary and sucient conditions for Schur geometrical convexity of the four-parameter homoge-neous means,
Abstr. Appl. Anal., 2010 (2010), 16 pages.
Z.-H. Yang, Schur harmonic convexity of Gini means, Int. Math. Forum, 6 (2011), 747-762.
Z.-H. Yang, Schur power convexity of Stolarsky means, Publ. Math. Debrecen, 80 (2012), 43-66.
H.-P. Yin, H.-N. Shi, F. Qi, On Schur m-power convexity for ratios of some means, J. Math. Inequal.,9 (2015), 145-153.
X.-M. Zhang, Geometrically convex functions, (Chinese) Anhui University Press, Hefei, (2004).
T.-Y. Zhang, A.-P.Ji, Schur-Convexity of Generalized Heronian Mean, International Conference on Information Computing
and Applications, Springer, Berlin, Heidelberg, 244 (2011), 25-33.
K .M Nagaraja and P Siva Kota ReddyA Note on Power Mean and Generalized Contra-Harmonic Mean, Scientia Magna,
V0l.8(2012),No.3,60-62
C. Gini, Diuna formula comprensivadelle media, Metron 13(1938),3-22.

, The Schur-Convexity of Stolarsky and Ginimeans ,Banach J. Math.Anal(2007),n02,212-310
Z-H. Wang, The necessary and sufficient condition for S- convexity,S-geometrically convexity — ofGini mean J. Beijing
Ins. Edu (Natural science) 2 (2007), no 5,1-3.
Z-H. Wang and X-M Zhang, Necessary and sufficient condition for Schurconvexity,Schur geometrically convexity of Gini
meanCommunication of inequalitiesresearching 14 (2007), no2 ,193-197.
Chun Ru Fu, Dongsheng Wang, Huan-Nan Shi, Schur-convexity for Lehmer mean of n variables, Journal of non linear
science and applications, 9 (2016), 5510 - 5520

How to cite this article:

Sreenivasa Reddy Perla et al (2017) 'Schur-Convexity For Ginimean of N Variables', International Journal of Current
Advanced Research, 06(10), pp. 6688-6698. DOI: http://dx.doi.org/10.24327/ijcar.2017.6698.0998

*kkkkhkk

6699


http://dx.doi.org/10.24327/ijcar.2017.6698.0998

