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INTRODUCTION

Malgonde [7] investigated the variant of the generalized Hankel-Clifford transform defined by

(h,, D)) = F) = [(y1) P23, (2Jxy) f ()dx, (@ —p)=-1/2
= y‘“‘ﬂTJa'ﬂ(xy) f (x)dx, (a —ﬁ) >-1/2 1)

where J,, 5 (X) = (X)(a+ﬂ)/2Ja_ﬂ (2\/;), Jop (X) being the Bessel function of the first kind of order (a —ﬁ), in spaces

of generalized functions. Note that (1) reduces to well-known Hankel-Clifford transform for suitable values of the parameters viz.
for o« =0 and 8 =—u, atransform studied in [9].

In order to use themodified method used over the previous natural method developed by Zemanian [6] in his research on a variety
of distributional series expansions. Recall, that the success of Zemanian’s method lies in the fact that the differential operators
considered are always selfadjoint.

In this paper some spaces of ultradifferentiable functions and their duals are developed. The generalized Hankel-Clifford
transforms is a continuous linear mapping on these spaces. Therefore the transformation is linear and continuous mapping on the

corresponding dual spaces. We prove certain properties of the spaces pSZ'B and study on the operatorThe operator

Ay p

are defined.

d . - -
=x""DP, 5 ;where D=—;D, =X D Ps=X DX, and B, p acton them. Certain spaces of multipliers
’ dX ’ f
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Some spaces of testing functions and their duals
The space "S, , ,
Let a > 0an arbitrary constant, &« — f € R and p € N . Define the function of space pSﬂ,a,A as the collection of all complex-

valued smooth functions y defined on | (0,00) such that set of all infinitely smooth functions satisfying

X"D* (X (x))| <Cp s (A+8)" (pm)F
foreveryge Nand 6 >0. Cq,5 are positive constant depending on v .

pSﬂ aa Isalinear space with the usual operations. Moreover, if

x"D? (xﬂy/(x))‘
=Su
||l//||q,5 Xméels (A+5)m ( pm)la
for everyq € N and & > 0, each || ||q(s is a seminorm on pSﬂvavAand thecollection I" = {” ||q5} . is a multinorm
! '“ ) geN,5>

because each || ||05 is a norm. Since the systems of seminorms I and I = {” ||q 1/n} are equivalent, the space pSa Bah

g,neN

equipped with the topology generated by I, , is a countable multinormed space in [5].
Properties of the space pSﬂ,a,A:

pSﬂ,a,A < H , the inclusion being continuous.
’S p.a,4 1S complete and therefore aFréchet space.

p

!
Thus Hﬁ is a complete space. Sﬂ,a,AiS a spaceof testing functions. Its dual ( pSﬂ'avA) is a space of generalized functions.

If a> 0, then D(I ) c pSﬂ,a,A and the topology of D( I) is stronger that the topology induced by pSﬂ,a,A in D( I)
analogous to [2].

Proof. If iy € D( I) one has

X"D* (X (x))[<C, (A+8)" (pm)F L™ (A+8) ™ (pm)r®

for everym,q € N and a > 0, where L:SUp{X:XeSUppy/} and C, = sup Dq(xﬁt//(x))‘.

O<x<L

Hence

x"D* (Xﬁl//(X))‘ <C,C, (A+3)" (pm)¥ with C; > L" (A+5) " (pm)I™® for m e N. Consequently
D (I ) c pSﬂ,a,A' The non-triviality of pSﬂ,a,A follows provided that @ > 0 . This space is dense in E (I ) .

On the other hand, where @ =0 and sup

xel

meq(XﬂV/(X))‘SCq,a(A+5)m for >0 and m,qeN teny €S, ,.

p p*,ApP"
1. Sﬂ,a,A c Hﬂ
p
2. Ifp>LH,, , 'S

1 -
3. Hp.p,©7S;, 4 Withr>1.
All inclusions are continuous. Every inclusion transforms bounded sets into bounded sets, therefore it is continuous as in [1].

’S

Proof. Assume k =1 and choose y = "S,;,, . ,. One then has

p.a,A

A is contained in PS for each k € N, then the inclusions is continuous.

p+k.a, p.aA
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sup|x" D¢ (xﬂy/(x))‘ <sup|x™*D¢ (xﬂ‘ly/(x))‘+qsup meq‘l(xﬂ‘ly/(x))‘
xel xel xel

<Cyus(A+8)" +0C, 1, (A+S)
for 6 >0,meN andge N —{O}. Also

x"D* (xﬂz//(x))‘ =sup|x™*"'D* (xﬂ‘ly/(x))‘< Cos (A+8)™.

xel

sup

xel

The proof is completed by induction on K.

The following results is used to define a countable union space.

P P ; ; ; ;
If 0<A <A, then Sﬂ,a,Ai c Sﬂ'a'AQ the inclusions being continuous.
Hence the union space is defined as

p _OOD
Sﬁa_'kL SﬂﬁA

indicates inductive limit topology. pSﬂ

!
_a Isaspace of testing functions and its dual, ( pSﬂ' a) is a space of generalized

functions.

The space pSZ'B

Let B> 0,b> 0an arbitrary constantcr — 5 € R . Define the function of space pSZ'B as the collection of all complex-valued

smooth functions (//(X) defined on | (0,00) such that set of all infinitely smooth functions satisfying

sup

xel

Xme(Xﬂl//(X))‘SCm'p(B+p)q (pq)¥

foreverym,q e Nand p>0. C_ arepositive constant depending on v .

bB . . . .
pSﬂ is a linear space with the usual operations. Moreover, if

x"D% (X’ () ‘
o =sup— )
<l (B+p) (pq)!
for everyme N and p >0, each || ||m'p is a seminorm on pSZ'B and thecollection T" = {” ||m'p} is a multinorm
meN, p>0
because each || ||O'p is a norm. Since the systems of seminorms I and ;= {” ||m'1/n} are equivalent, the space pSZ'B
m,neN

equipped with the topology generated by I, , is a countable multinormed space.

Properties of the space pSZ'B :

1. DSZ'B C H , the inclusion being continuous.

2. pSZ'B is complete and therefore aFréchet space.
Thus Hﬁ is a complete space. pSZ'B is a spaceof testing functions. Its dual ( pSE'B ) is a space of generalized functions.
If b> 0, then D( I ) c pSZ'B and the topology of D(I ) is stronger that the topology induced by pSZ'B in D(I )

Proof. If iy € D(I ) one has

X"D (Xw (x))|<C,,, (B+p)"

for everym,q € N and p > 0. Hence
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Xme(Xﬂy/(x))‘sCm'p(B+p)q(pq)!bfor 0>, Consequently D(I)c "S;®.

On the other hand, where b = 0 and sup

xel

Xme(Xﬁt//(x))‘SCm'p(B+p)mfor p>0and mgeN theny e S;®.

1. "SPBcH o 8"
) B B
b, pghb,B
2. fp>LH 'S,
3. Hp/ <'sp® withr>1.
All inclusions are continuous. Every inclusion transforms bounded sets into bounded sets, therefore it is continuous.

Test of convergence in pSZ'B

Let {(//v}veN be asequence. If a positive constant C,  exists forany me N and p > 0 such that ||t//v||m'p <C,,, for

every ve N .
D¢ (Xﬂt//V (X)) — 0 as v — oo uniformlyon X €(0,&) forevery g e N and & >0, then y, - 0as v —>xin pSZ'B

Proof.Let me N and p,n >0. Choose p’ suchthat 0 < p’ < p. In these conditions:

every g > (.

v

B+p')
"< C, =0 forevery v.e N where C_ , is aconstant. There exists ¢, € N such that P < 1 for
” ” B+p C

m,q

X"D (X', (X)) £ Cq s (B+2')" (PQ)P <11(B+ p)* (pa)? for every q > .
By taking 0 < (, and X>C

m+1,p/n ?
XD Xy, () 1,
Xme(XﬁV/V(X)) _ (x )‘ S;|y/v " (B+p) (pq)? <n(B+p)*(pq)?.

By virtue of uniform convergence [1], there exists v, € N such that

x"DY (xﬂy/v(x)) <n(B+p)'(pq)P.

Forv>v,,q<(, and X<C_, ..

Xme(Xﬁy/V(X)) <n(B+p)'(pq)P.
Forv=v,,qeN and Xel,

x"DY (xﬂy/v(x)) <n(B+p)'(pq)P.

In other words:

w,|"" <n for vy, Theny, —>0as v —>win PSpe,

pSZ‘fk is contained in pSZ'B for each kK € N , then the inclusions is continuous.

Proof.Assume K =1 and choose y = pSZ;Bk . One then has

sup

xel

x"D* (xﬂy/(x))‘SSUp meq‘l(xﬂ‘ly/(x))‘
xel

<Cp, (B+p)"" +4Cps, (B+p)"
for p>0,meN andgeN —{O}. Also

x"*DY (xﬂ‘ly/(x))‘+sup

xel
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sup
xel

X" D* (xﬁy/(x))‘ =sup
xel

Xm+1Dq (Xﬂ_ll// (X))‘< Covp (B n p)m+1.

The proof is completed by induction on K.

The following results is used to define a countable union space.

If 0< B, <B,, then Sz'Bl c pSZ'BZ the inclusions being continuous.
Hence the union space is defined as
psb — G psb,B
B Bo1 B
!
indicates inductive limit topology. pS; is a space of testing functions and its dual, ( pSE ) is a space of generalized functions.

psb,B

The space "Sp'; A

Let A,B >0 anda,b>0an arbitrary constantax — 8 € R. Define the function of space pSZ'B

aa as the collection of all

complex-valued smooth functions (//(X) defined on | (0, oo) such that set of all infinitely smooth functions satisfying

sup meq(xﬁw(x))‘SC(s'p(A+5)m (pm)*(B+p) (pa)P

xel

foreverym,q e N and 6, p>0. C;  are positive constant depending on v .

bB .oy . . .
pSﬂ aa Isalinear space with the usual operations. Moreover, if

x"D¢ (xﬂy/(x))
”WHZ =sup m 2 ‘q o
e (A+8)" (pm)F (B+p)"(pa)!
geN
for everym,q e N and &, p >0, each || ||§ is a seminorm on pSZ:ZAand thecollection ", = {” ||§} . is a multinorm
S5, p>

0,0 . . . 1/n . b,B
because each || || is a norm. Since the systems of seminorms I', and I'; = {” ||1/n} are equivalent, the space pSﬂ aA
neN o

equipped with the topology generated by I, , is a countable multinormed space.

psb,B

Properties of the space fan

DSZ:‘Z,A = Hﬂ , the inclusion being continuous.

pSZ:z 1s complete and therefore aFréchet space.

!
Thus Hﬁ is a complete space. pSZ:ZAis a spaceof testing functions. Its dual ( pSE:iA) is a space of generalized functions.

If a,b>0,then D (I)C pSZ'BA and the topology of D (I )is stronger that the topology induced by pS;"BA inD (I )

\a, a,
Proof. If w €D (I)for everym,g € N and 8, p > 0. Hence
Xme(Xﬂt//(X))‘SC(S'p(A+5)m(pm)!a(B+p)q(pq)!bfor >0, Consequently D (1)< PS;®?

pg.aA

sup
xel

On the other hand, where b = 0 and sup

xel

X"D* (X' (X)) £Cs,, (A+8)" (pm)F (B+p)" (pa)¥for 8,p>0 and

m,qe N then i € DSZ:EVA.

pPeb,B o° Bp"”
1. Sﬁ,a,ACH -
B.p%Ap
b,B pcb,B
2. 1fp>L Hpo o Sy
3. Hpt,c'sp?, withr>1.
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All inclusions are continuous. Every inclusion transforms bounded sets into bounded sets, therefore it is continuous.

psb,B

Test of convergence in "5,

Let {(//v}veN be a sequence. If a positive constant CM exists forany m,ne N and p,5 > 0 such that ||t//v ||§ < Cﬁ,p for

every ve N .

Dq(xﬂwv(x))—>0 as v — oo uniformly on Xe(O,g) forevery m,qe N and & >0, then y, >0 as v - win

peh,B
Sgan

Proof.Let m,ne N and &, p > 0. Choose &', p’ suchthat 0< 8’ < and 0 < p’ < p. In these conditions:

B+p'\ A
Z <Cy , #0 forevery v e N where C;, is aconstant. There exists M, J, € N such that P < for
o’ P A+ C

m,q

V.

every m>m,, q>0,.

X"D (X y, (x))‘ <Cy (A+3")" (pm)* (B+p')' (pa)P < A(A+8)" (pm)F (B+p)* (pa)? for every
m>m,, q> 0.

Bytaking g < and X>C,_ .5, .,

BT (Xﬂv,v (x))‘
X

[ A(A+S)" (pm)R (B+p)* (pa)F

14

x"D¢ (Xﬂl/lv (x))‘ -

1
X

<A(A+8)" (pm)*(B+p)*(pq)¥.
By virtue of uniform convergence, there exists v, € N such that
X"D(x"y, (X))|<A(A+58)" (pm)F (B+p)* (pa)P.

Forv>vy,q<(, and X<C_, ..

X"D(x"y, (X)) < A(A+58)" (pm)F (B+p)* (pa)P.

Forv=v,,qeN and Xel,

X"D(x"y, (X)) < A(A+58)" (pm)F (B+p)* (pa)P.

In other words:

p . b,B
; <A forv2v,. Theny, >0as v —ooin °S;7 .

v,

B . - - b,B . . - -
pSZ+k aa Iscontained in pSﬂ . » foreach kK € N | then the inclusions is continuous.

Proof.Assume K =1 and choose y = DSZ;Bk,a,A- One then has

Xme(Xﬂy/(X))‘SSUp meq‘l(xﬂ‘ly/(x))‘
xel

<C (B+p)""(A+8)™ +qC
for 6,p>0,mneNandqeN —{0}. Also

x"D* (xﬂz//(x))‘ =sup|x™*"'D" (xﬂ‘lz// (x))‘< C
xel

sup

xel

x™DY (xﬂ‘ly/(x))‘ +sup

m+1,6",p’ m—lvp,b‘(B-i_p)m (A+5)m

m+1

sup (A+5)™ (B+p)

xel

0,6,p

The proof is completed by induction on K.
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The following results is used to define a countable union space.

peb,B; pcb,B, . . . .
If 0<A <A, and 0< B, <B,, then Sﬂ,a,Ai c SﬂvafAQ the inclusions being continuous.

Hence the union space is defined as
pS b — G pS b,B
p.a Bt p.a,A
!
indicates inductive limit topology. pSZVa is a space of testing functions and its dual, ( pSEVa) is a space of generalized functions.
The nontriviality of spaces pSZVa

The mapping S° > H®  holds true. So -y’ is linear and continuous. The properties of the spaces of type
B.a p.a vy ywy

b .
Sﬂ'a are nontrivial.

1. pSﬂ,a,A and "S"®for everya,b>0,A,B >0,

2. PS)% . fora>landb=0ora=0andb>1: AB>0,
3. pSZ‘V'Z'AforA,B>Oand a+b>1,
4, DSE'V'Z'A for p>1, a,b>0,AB>yand a+b=1 where y isa positive constant.

Operational Calculus

Some important linear differential operators are defined in this section. And also shown that they are continuous on the previously
introduced spaces.

PropertyThe mapping X" : pSZ,a — "S° s linear and continuous for every n el .

B.a

Proof. Assuming N =1 and considering ¥ € PghB

p.a,A?

xm+1Dq(xﬂ‘1y/(x))‘+q meq‘l(xﬂ‘ly/(x))‘
(A+8)™ (p(m+1))F (B+p)" (pa)?
+q(A+8)"( pm)!a(B+p)q_l( p(q-1))*

<Cj;,(A+5)" (pm)*(B+p)'(pa)P
forevery mell ,qell —{0} and 9, p > 0 in virtue of [2].

x"D* (xﬁy/(x))‘ <

<C

For q=0;for mel] and &, p > 0 above relation becomes:
X" (" ()| <C5, (A+8)"(pm)®.

Hence Xy e DSZ:EVA and the mapping X" : pSZ'a - pSZ'a is linear and continuous. The proof is completed by induction.

The procedure is analogous in any of the spaces under consideration.

Property Let | be a real number. Denoting pSZ'a any of the spaces pSﬂ,a,A’ pSZ'B, pSZ:E,A or the respective union spaces, then

the operator X' : pSEVa — PSP isan isomorphism.

p-la

Property The differential operator Rﬁ is an isomorphism from pSZ'a into pSZ_M; its inverse being its inverse beingas in [8],

p-la*

R, =x [t"g(t)dt,g € °S;

psb,B

g then

Proof.Operator Rﬁ and its inverse are linear. If y €
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x"DY (xﬁ‘ly/(x))‘ < xm”Dq‘l(x/’z//(x))
<C;,(A+5)" (pm)*(B+p)" (pa)P

forevery m,q elJ and 6, p > 0. Hence R, isa continuous mapping.

X DQ[ x’“ )dt]

<C,,(A+5)"(pm)*(B+p)"(pq)?.
If =0, one has:

X" (X"RSlw (x))| < Xmﬁxﬂ‘ly/(t)dt]

Hence R/f(// € pr ° aaand R is a continuous operator. The proof is similar in case of pS >® and pSZ E A

For >0,

X D“(xﬂR (X ))‘<

<Cs,(A+8)" (pm)P.

Property Let D : pSZ'a - Sﬂ—l,a is linear and continuous.

ProofLet i & PS;% . Then

x"D¢ (Xﬁ”y/(x))‘ <[x"D" (X’Hl// (X))(—ﬂ + Q)‘ + Xme+1(XﬂW (X))‘

<C;,(A+5)" (pm)*(B+p)" (pq)P
for every m,q el and 6,p > 0.

PropertyThe operator Bﬁ = DRﬁ from F’Sﬂa into itself is linear and continuous. Defining the generalized D R Rﬂ “and

B; as the adjoint of the classical operators D,Rﬂ,Rﬂ and B, respectively. Then

Property 3.6. The operators D : (pSE 1a) —>( pS;a) and B, :( pS;a) — ( pS;a) are linear and continuous.
The mapping R; ( pSE 1a) —>( pSZVa) is an isomorphism Rgl*is its inverse.
Multipliers in Spaces of type pSZ'a

For smooth functions on 0 < X < 0o which are multipliers of type pSZ'a

x"D" (X0 (x)y (x))| <CL* (A+0),,, A ©

where A, CkM are positive constants depending on Q(X)(// (X) and a > 0 being an arbitrary constant.
Thus Q(X)(//(X) isin pSﬁ'A and the mapping hﬂ
Takinga ¥ in S

N ps,’;, w — By | is continuous.

B.A

Xka(Xﬂ‘/’(x)e(x))‘Scf'p(B+P)mkbm,k ?)

where B, Ckﬁ"’ are positive constants depending on Q(X)(// (X) and b > O being an arbitrary constant.

Considering from [8], Ja,ﬁ(z) — Z(a+ﬂ)/2‘]a—ﬂ (2\/2) And as the transformation is an automorphism onto Ha'ﬂ for a—p,
d n
dz"

Ja'ﬂ(z):(—l)” Ja'ﬂm(z), nell ,then forevery g H, ; and m,k el from[4],
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Y D (v () =(=) [ (09)" I, prscem () XD X7 (x) dx ®)
0

where v (V) =1, , {$ (%)} ().

The virtue of boundedness of the function ZmJaﬁ+k+m (Z) (3) is given by

(yﬂy/(y))‘ <M sup|x“*““™D"x’¢(x) 4)
xel
for m,k el] and x>0, being C :[—ﬁ] and M is a constant.
To study the image of | S, by hﬁ . Let ¢ be any element of pSﬁ'A invoking (4), then
y"D (yﬂv/(y))‘g Koo (A+8) {p((c+k+m))r<C,, (A+5)"(pk)F (5)
for every m,k e[J and 6>0.
Hence the mapping h, : /S, , — ps,’; is linear and continuous.
If ¢ € pSmB , then
(y_alz[/(y))‘S Mk,p {Cc+k+m,p(B+p)m mp}'b (6)
for m,k e[ and p>0.
Therefore the mappings:
h,:,S,s— SB is linear and continuous.
If ¢ € DS:; then
y"D* (y ﬂ)y/(y))‘ <Cps (A+8) (pk)FxM, , {Ceopi, (B+p)" mp} ¥
. (7
<M, (Ae” +n)k (Be™ +&) (p)r* (k) (m)?

for m,k el] and n,&>0.
Thus it has been established that the mapping h - pS:ﬂB pS:eﬂ e is linear and continuous.
Application
Now considering the initial value problem analogous to [3],
ou(xt) \
——~=P(B t 8

~— = P(B)u(xt) ®)
u(x,0)=uy(x) with u, e’
The generalized Hankel-Clifford transformation h;’, leads to the new equivalent problem
ov(y,t

b )=P(—y)V(y,t) ©)

ot
V(¥,0)=vy(y)
wherev(y,t)=h"{u(xt),x— y}and v, (y)=h;" {u, (x)}(t). (10)

A formal solution of (3) is the generalized function v( y,t) =V, ( y)e_yt.
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The distribution u(X,t) = , {VO (y)e;y—> X} € ¢’ isasolution of (1).
Accordingly one has:

0
ot

0

_<h'a,ﬂ % (Y)e_w}’¢> - §<“0’ B g {¢}}>

_ <u0, P (€ M {P (A )}}>

= (P(80 ), 7 0.8

for every ¢ € ¢ and

(F.s

(e, (Ut} ) = (Ugst, (€N 5 {9))) = (U 0)

for every ¢ € ¢ .
Thus arriving to the following theorem as:

Theorem: The generalized function u (X,t) = h’aﬁ {e"yth’aﬁ {uo}} € ¢’ isasolution of (8) for every initial value U, € o,
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