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A R T I C L E  I N F O                              A B S T R A C T  
 

 

This paper seeks about the fractional cumulative risk model based on weibull triangular and 
trapezoidal distribution.Weibull triangular distributions represents the life time distributions 
based on the continuous probability distribution which is shaped like a triangle. Weibull 
trapezoidal distribution is the life time distributions based on the shape of a quadrilateral 
trapezoid. The results are derived for finding the fractional cumulative risk model, which is 
helpful to find the life time in fractional order. Applications are also pointed out based on 
fractional cumulative risk model. 
 
 
 
 
 
 
 
 
 
 

INTRODUCTION 
 

The cumulative risk is a measure of the total risk that a certain event will happen during a given period of time. The cumulative 
risk model was introduced by N. Kannan introduced the models for experiments in which the stress levels are altered at 
intermediate stages during exposure. Cumulative risk model is already derived using exponential and weibull distribution. 
 

In this paper the fractional cumulative risk model (FCRM) was derived using weibull triangular and weibull trapezoidal 
distributions. Fractional cumulative risk model gives the period of time in fractional order. The fractional cumulative risk model 
gives the accurate result compared to the cumulative risk model. The triangular and trapezoidal distribution is the shape parameter 
which becomes continuous. The weibull triangular distribution shaped like a triangle and weibull trapezoidal distribution is 
shaped like a quadrilaternal. This paper consists of three sections the first section is the introduction. Second section seeks about 
the cumulative risk model and fractional cumulative risk model based on weibull triangular and weibull trapezoidal distribution. 
The third section is the conclusion based on the applications of this model. 
 

Cumulative Risk Model and Fractional Cumulative Risk Model based on Weibull Triangular Distribution 
 

This section explains about the fractional cumulative risk model using weibull triangular distribution was derived this model will 
give better approximation and it helps to predict the survival time in fractional order. In this paper this model is helpful to find the 
predicting time of melanoma. Section 2.1 is the derivation fractional cumulative risk model for weibull distribution is derived. 
Section 2.2 is derivation based on the fractional cumulative risk model for weibull triangular distribution. Section 2.3 is 
derivations based on the fractional cumulative risk model for weibull trapezoidal distribution is derived these models are helpful 
to predict the time in fractional order. 
 

Fractional Cumulative Risk Model: Weibull Distribution 
 

In case of Weibull distribution the cumulative risk model takes the following form  
 

The original form of Weibull distribution  
 

ℎ(ݔ) = ቐ
0	݂݅		ఈభିଵݐଵ⅄ଵߙ < ݐ < ߬ଵ
ܽ + ଵ߬	݂݅									ݐܾ ≤ ݐ < ߬ଶ
ݐ	݂݅									ఈమିଵݐଶ⅄ଶߙ > ߬ଶ
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The fractional cumulative risk model for the Weibull distribution 
 

ℎఈ(ݔ) =

⎩
⎪
⎨

⎪
ଵ⅄ଵߙ⎧

┌ഀభ
┌ഀభషഀ

0	݂݅			ఈభିଵାఈݐ < ݐ < ߬ଵ

ܽ + ܾ ௧ഀశభ

┌ഀశమ
																݂݅	߬ଵ ≤ ݐ < ߬ଶ

ଶ⅄ଶߙ
┌ഀమ
┌ഀభషഀ

ݐ	݂݅								ఈమିଵାఈݐ > ߬ଶ

  

The parameters a and b are such that ℎఈ(ݔ) becomes continuous  
Therefore 
 

ܽ + ܾ߬ଵ = ଵ⅄ଵ߬ଵߙ
ఈభିଵ             and 

 ܽ + ܾ߬ଶ = ଶ⅄ଶ߬ଶߙ
ఈమିଵ 

ܽ + ܾ߬ଵ = ଵ⅄ଵߙ
┌ഀభ
┌ഀభషభ

߬ଵ
ఈభିଵାఈ  

ܽ + ܾ߬ଶ = ଶ⅄ଶߙ
┌ഀమ
┌ഀమషభ

߬ଶ
ఈమିଵାఈ  

 

Based on the hazard function h(t) the corresponding fractional cumulative hazard function becomes 
 

(ݐ)ܪ = ቐ
0	݂݅					(ݐ)ଵܪ < ݐ < ߬ଵ
ଵ߬	݂݅					(ݐ)ଶܪ < ݐ < ߬ଶ
ݐ	݂݅															(ݐ)ଷܪ ≥ ߬ଶ

  

(ݐ)ఈܪ = ቐ
0	݂݅					(ݐ)ଵఈܪ < ݐ < ߬ଵ
ଵ߬	݂݅					(ݐ)ଶఈܪ < ݐ < ߬ଶ
ݐ	݂݅														(ݐ)ଷఈܪ ≥ ߬ଶ

  

(ݐ)ଵఈܪ = ⅄ଵ
┌ഀభశభ
┌ഀభశഀశభ

  ఈభାఈݐ

(ݐ)ଶఈܪ = ⅄ଵ߬ଵ
ఈభ + ݐ଴ߚ − ଴߬ଵߚ + ఉభ

ଶ
ଶݐ − ఉభ

ଶ
߬ଵଶ  

													= ⅄ଵ߬ଵ
ఈభ + ଴ߚ

௧ഀశభ

┌ഀశమ
− ଴߬ଵߚ + ఉభ

ଶ

┌య௧
ഀశమ

┌ഀశయ
− ఉభ

ଶ
߬ଵଶ  

(ݐ)ଷఈܪ = ⅄ଵ߬ଵ
ఈభ + ଴(߬ଶߚ − ߬ଵ) + ఉభ

ଶ
(߬ଶଶ − ߬ଵଶ) + ⅄ଶ(ݐఈమ − ߬ఈమ)  

														= ⅄ଵ߬ଵ
ఈభ + ଴߬ଶߚ − ଴߬ଵߚ + ఉభ

ଶ
߬ଶଶ −

ఉభ
ଶ
߬ଵଶ + ⅄ଶ

┌ഀమశభ
┌ഀమశഀశభ

ఈమାఈݐ − ⅄ଶ߬ଶ
ఈమ  

 

The fractional survival function  ܵఈ(ݐ) is given by 
 

ܵఈ(ݐ) = ݁ିுഀ(௧) = ቐ
ଵܵ
ఈ(ݐ)			݂݅	0 < ݐ < ߬ଵ
ܵଶఈ(ݐ)		݂݅	߬ଵ < ݐ < ߬ଶ
ܵଷఈ(ݐ)											݂݅	ݐ ≥ ߬ଶ

  

 

The fractional survival function  ܵఈ(ݐ) is given by 
 

ଵܵ
ఈ(ݐ) = ݁ି⅄భ

┌ഀభశభ
┌ഀ`భశഀశభ

  ఈభାఈݐ

ܵଶఈ(ݐ) = ݁ି⅄భఛభ
ഀభ − ଴ߚ

௧ഀశభ

┌ഀశమ
+ ଴߬ଵߚ −

ଵ
ଶ
ଵߚ

┌య
┌ഀశయ

ఈାଶݐ + ଵ
ଶ
  ଵ߬ଵଶߚ

ܵଷఈ(ݐ) = ݁ି⅄భఛభ
ഀభ − ଴߬ଶߚ + ଴߬ଵߚ −

ଵ
ଶ
ଵ߬ଶଶߚ + ଵ

ଶ
ଵ߬ଵଶߚ − ⅄ଶ ൬

┌ഀమశభ
┌ഀమశഀశభ

ఈమାఈ൰ݐ + ⅄ଶ߬ଶ
ఈమ  

 

The corresponding probability density function becomes  
 

݂ఈ(ݐ) = ିௗഀ

ௗ௧ഀ
ܵఈ(ݐ) = ቐ

ଵ݂
ఈ(ݐ)					݂݅	0 < ݐ < ߬ଵ
ଶ݂
ఈ(ݐ)					݂݅	߬ଵ < ݐ < ߬ଶ
ଷ݂
ఈ(ݐ)														݂݅	ݐ ≥ ߬ଶ

  

 

The corresponding probability density function becomes 
  

ଵ݂
ఈ(ݐ) = ଵ⅄ଵߙ

┌ഀభ
┌ഀభశഀ

݁ି⅄భ		.	ఈభିଵାఈݐ
┌ഀభశభ
┌ഀభశഀశభ

  ఈାఈభݐ

ଶ݂
ఈ(ݐ) = ଴݁ି⅄భఛభߚ

ഀభ + ଵߚ
௧ഀశభ

┌ഀశమ
݁ି⅄భఛభ

ഀభ − ଴ߚ
௧ഀశభ

┌ഀశమ
+ ଴߬ଵߚ −

ଵ
ଶ
ଵߚ

┌య௧
ഀశమ

┌ഀశయ
+ ଵ

ଶ
  ଵ߬ଵଶߚ

ଷ݂
ఈ(ݐ) = ଶ⅄ଶߙ

┌ഀమ
┌ഀమశഀ

݁ି⅄మ		ఈమିଵାఈݐ
┌ഀమశభ
┌ഀమశഀశభ

ఈାఈమ݁ି⅄భ߬ଵݐ
ఈభ − ଴߬ଶߚ + ଴߬ଵߚ −

ଵ
ଶ
ଵ߬ଶଶߚ + ଵ

ଶ
ଵ߬ଵଶߚ + ⅄ଶ߬ଶ

ఈమ  
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Fractional Cumulative Risk Model: Weibull Triangular Distribution  
 

ℎఈ(ݐ,ܺ ܽ, ܾ, ܿ, ݀) =

⎩
⎪
⎨

⎪
⎧

଴																																																														௜௙	௫ழ௔భ
ఈభ⅄భ

┌ഀభ
┌ഀభషഀ

௧ഀభషభశഀ	 మ(ೣషೌభ)
(್భషೌభ)(೎భషೌభ)								௜௙	

బ	ಬ	೟	ಬ	ೌభ,
ೌభರ	ೣ	ರ	್భ

								ܽ + ଵ߬	݂݅																												ݐܾ ≤ ݐ ≤ ߬ଶ
ఈమ⅄మ

┌ഀమ
┌ഀమషഀ

௧ഀమషభశഀ మ(್భషೣ)
(್భషೌభ)(್భష೎భ)											௜௙	

೟	ಭ	ഓమ,
೎భ	ರ		ೣ	ರ	್భ

଴																																	௜௙	௫வ௕భ

൙   

 

The parameters a and b are such that  ℎఈ(ݐ) becomes continuous 
 

ܽ + ܾ߬ଵ = ଵ⅄ଵ߬ଵߙ
ఈభିଵ ଶ(௫ି௔భ)

(௕భି௔భ)(௖భି௔భ)
  

ܽ + ܾ߬ଶ = ଶ⅄ଶ߬ଶߙ
ఈమିଵ ଶ(௕భି௫)

(௕భି௔భ)(௕భି௖భ)
  

 

Based on the hazard function h(t) the corresponding Fractional cumulative hazard function becomes  
The hazard function on the support of X is  
 

ℎ(ݔ) = ௙(௫)
௦(௫)

= ቐ
ଶ(௔ି௫)

௔௕ି௠௕ା௠௔ା௫మିଶ௔௫
		݂݅	ܽ < ݔ < ݉

ଶ
௕ି௫

		݂݅	݉ ≤ ݔ < ܾ
  

ℎ(ݔ) = ௙(௫)
௦(௫)

= ቐ
ଶ(௔ି௫)

௔௕ି௖௕ା௖௔ା௫మିଶ௔௫
		݂݅	ܽ < ݔ < ܿ

ଶ
௕ି௫

		݂݅	ܿ ≤ ݔ < ܾ
  

 

Fractional hazard function on the support of X is 
 

ℎఈ(ݔ) = ௙ഀ(௫)
௦ഀ(௫)

= ቐ
ଶ(௔ି௫ഀ)

௔௕ି௖௕ା௖௔ା௫మିଶ௔௫
	݂݅	ܽ < ݔ < ܿ

ଶ
௕ି௫ഀ

																			݂݅	ܿ ≤ ݔ ≤ ܾ
  

ଶ(௔ି௫ഀ)
௔௕ି௖௕ା௖௔ା௫మିଶ௔௫

=   ߙ

2ܽ − ఈݔ2 = ଵܾଵܽ)ߙ − ܿଵܾଵ + ܿଵܽଵ + ଶݔ − 2ܽଵݔ)  

ఈݔ2− = ଵܾଵܽ)ߙ − ܿଵܾଵ + ܿଵܽଵ + ଶݔ − 2ܽଵݔ) − 2ܽଵ  

ఈݔ2− = ଵܾଵܽߙ) − ଵܾଵܿߙ + ଵܽଵܿߙ + ଶݔߙ − 2ܽଵߙݔ) − 2ܽଵ  

ఈݔ− = ൫ఈ௔భ௕భିఈ௖భ௕భାఈ௖భ௔భାఈ௫మିଶ௔భ௫ఈ൯ିଶ௔భ
ଶ

  

ఈݔ = ൫ିఈ௔భ௕భାఈ௖భ௕భିఈ௖భ௔భିఈ௫మାଶ௔భ௫ఈ൯ାଶ௔భ
ଶ

  
ଶ

௕భି௫ഀ
=   ߙ

2 = ଵܾߙ − ఈݔߙ   
2− ଵܾߙ = ఈݔߙ−   
ଶିఈ௕భ
ఈ

= ఈݔ−   

−ቂଶିఈ௕భ
ఈ

ቃ =   ఈݔ
ିଶାఈ௕భ
ିఈ

= ఈݔ   

(ݐ)ఈܪ = ቐ
0	݂݅					(ݐ)ଵఈܪ < ݐ < ߬ଵ
ଵ߬	݂݅					(ݐ)ଶఈܪ < ݐ < ߬ଶ
ݐ	݂݅														(ݐ)ଷఈܪ ≥ ߬ଶ

  

(ݐ)ଵఈܪ = ⅄ଵݐఈభ
൫ିఈ௔భ௕భାఈ௖భ௕భିఈ௖భ௔భିఈ௫మାଶ௔భ௫ࢻ൯ାଶ௔భ

ଶ
  

(ݐ)ଶఈܪ = ⅄ଵ߬ଵ
ఈభ + ݐ)଴ߚ − ߬ଵ) + ఉభ

ଶ
ଶݐ) − ߬ଵଶ)  

(ݐ)ଶఈܪ = ⅄ଵ߬ଵ
ఈభ ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2 + ݐ଴ߚ

− ଴߬ଵߚ
ଵܾଵܽߙ−) + −ଵܾଵܿߙ ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2 +
ଵߚ
2 ଶݐ

−
ଵߚ
2 ߬ଵଶ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉
ଶ
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(ݐ)ଷఈܪ = ⅄ଵ߬ଵ
ఈభ ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2 + ଴߬ଶߚ ൤
−2 + ଵܾߙ

ߙ−
൨

− ଴ߚ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2 +
ଵߚ
2 ߬ଶଶ ൤

−2 + ଵܾߙ
ߙ−

൨

−
ଵߚ
2 ߬ଵଶ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉
ଶ

+ ⅄ଶ(ݐఈమ)− ⅄ଶ߬ଶ
ఈమ ൤

−2 + ଵܾߙ
ߙ−

൨
ఈమ

 
 

The Fractional survival function S(t) is given by  
 

ܵఈ(ݐ) = ݁ିுഀ(௧) = ቐ
ଵܵ
ఈ(ݐ)			݂݅	0 < ݐ < ߬ଵ

ܵଶఈ(ݐ)		݂݅	߬ଵ < ݐ < ߬ଶ
ܵଷఈ(ݐ)												݂݅	ݐ ≥ ߬ଶ

  

 

The fractional survival function ܵఈ(ݐ) is given by  
 

ଵܵ
ఈ(ݐ) = ݁ି⅄భ௧ഀభ ൫ିఈ௔భ௕భାఈ௖భ௕భିఈ௖భ௔భିఈ௫

మାଶ௔భ௫ࢻ൯ା૛ࢇ૚
ଶ

  

ଵܵ
ఈ(ݐ) = ݁ି⅄భ  

ܵଶఈ(ݐ) = ݁ି⅄భఛభ
ഀభ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉ + ݐ଴ߚ

− ଴߬ଵߚ ቈ
ଵܾଵܽߙ−) + −ଵܾଵܿߙ ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ +

ଵߚ
2 ଶݐ

−
ଵߚ
2 ߬ଵଶ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉ 
 

ܵଷఈ(ݐ) = ݁ି⅄భఛభ
ഀభ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉ + ଴߬ଶߚ ൤
−2 + ଵܾߙ

ߙ−
൨

− ଴ߚ ቈ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ +

ଵߚ
2 ߬ଶଶ ൤

−2 + ଵܾߙ
ߙ−

൨
ଶ

−
ଵߚ
2 ߬ଵଶ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉
ଶ

+ ⅄ଶ(ݐఈమ)− ⅄ଶ߬ଶ
ఈమ ൤

−2 + ଵܾߙ
ߙ−

൨
ఈమ

 
 

The corresponding PDF becomes  

(ݐ)݂ = − ௗ
ௗ௧
ܵఈ(ݐ) = 	 ቐ

ଵ݂
ఈ(ݐ)						݂݅	0 < ݐ < ߬ଵ
ଶ݂
ఈ(ݐ)						݂݅	߬ଵ < ݐ < ߬ଶ
ଷ݂
ఈ(ݐ)															݂݅	ݐ ≥ ߬ଶ

  

 
The corresponding PDF becomes 
 

ଵ݂(ݐ) = ଵ⅄ଵߙ
┌ഀభ
┌ഀభశഀ

ఈభିଵାఈ݁ି⅄భݐ
┌ഀభశభ
┌ഀభశഀశభ

ఈାఈభݐ ቂ൫ିఈ௔భ௕భାఈ௖భ௕భିఈ௖భ௔భିఈ௫
మାଶ௔భ௫ࢻ൯ାଶ௔భ

ଶ
ቃ  

 

ଶ݂(ݐ) = ଴݁ିఒభఛభఈభߚ ቈ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ + 1ߚ

ߙݐ + 1
Γ(ߙ + 2) ݁

ିఒభఛభഀభ 

ቈ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ − 0ߚ

ఈାଵݐ

Γ(ߙ + 2) 

ቈ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ −

1
1ߚ2

Γ3ݐఈାଶ

Γߙ + 3
ቈ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ 

+
1
ଵ߬ଵߚ2

ଶ ቈ
ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ

2
቉ 

 

ଷ݂
ఈ(ݐ) 						= ଶ⅄ଶߙ

┌ఈమ
┌ఈమାఈ

ఈమିଵାఈݐ . ݁ିఒమ
┌ఈమାଵ

┌ఈమାఈାଵ
ఈାఈమ݁ିఒభఛభഀభݐ ቈ

ଵܾଵܽߙ−) + ଵܾଵܿߙ − ଵܽଵܿߙ − ଶݔߙ + 2ܽଵࢻݔ) + 2ܽଵ
2

቉ 

0߬ଶߚ− ൤
−2 + ଵܾߙ

ߙ−
൨+ 0߬ଵߚ ቈ
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ℎఈ(ݐ,ܺ ܽ, ܾ, ܿ, ݀) =

⎩
⎪
⎨

⎪
⎧

଴																																																							௜௙	௫ழ௔భ
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┌ഀభ
┌ഀభషഀ

௧ഀభషభశഀ	.௨ (ೣషೌభ)
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బಬ	೟	ಬ	ೌభ	,
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ܽ + ଵ߬	݂݅																									ݑ.	ݐܾ ≤ ݐ ≤ ߬ଶ
ఈమ⅄మ

┌ഀమ
┌ഀమషഀ
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೟	ಭ	ഓమ
೎భ	ರ		ೣ		ರ	೏భ

଴																																																							௜௙	௫வௗభ

൙   

 

The parameters a and b are such that  ℎఈ(ݐ) becomes continuous 
ܽ + ܾ߬ଵ = ଵ⅄ଵ߬ଵߙ

ఈభିଵ.ݑ (௫ି௔భ)
(௕భି௔భ)

  

ܽ + ܾ߬ଶ = ଶ⅄ଶ߬ଶߙ
ఈమିଵ.ݑ (ௗభି௫)

(ௗభି௖భ)
  

 

Based on the hazard function h(t) the corresponding Fractional cumulative hazard function becomes  
The hazard function on the support of X is  

ℎ(ݔ) = ௙(௫)
௦(௫)

= ቐ
ଶ(௫ି௔)

௔௕ି௠௕ା௠௔ା௫మିଶ௔௫
		݂݅	ܽ < ݔ < ܾ < ݉

ଶ
ௗି௫

		݂݅	݉ ≤ ݔ < ݀
  

ℎ(ݔ) = ௙(௫)
௦(௫)

= ቐ
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		݂݅	ܽ < ݔ < ܾ < ܿ

ଶ
ௗି௫

		݂݅	ܿ ≤ ݔ < ݀
  

Fractional hazard function on the support of  X is 

ℎఈ(ݔ) = ௙ഀ(௫)
௦ഀ(௫)

= ቐ
ଶ(௔ି௫ഀ)
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	݂݅	ܽ < ݔ < ܾ < ܿ

ଶ
ௗି௫ഀ
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ଶ
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The Fractional survival function S(t) is given by  
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ܵఈ(ݐ) = ݁ିுഀ(௧) = ቐ
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The fractional survival function ܵఈ(ݐ) is given by  
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The corresponding PDF becomes  
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The corresponding PDF becomes 
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ఈమ 
 

CONCLUSION 
 

The fractional cumulative risk model for Weibull Triangular and Weibull Trapezoidal distribution is applied using the shape 
parameter, and is applied in the field of medicine, space research, engineering etc., for finding the period of time in fractional 
order. The cumulative risk of getting the disease like cancer, heart disease etc., and fractional cumulative risk model is helpful to 
predict the disease at the earlier stage. The Weibull Triangular and Weibull Trapezoidal distributions gives the more accurate and 
consistent result for cumulative risk model. 
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