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has a group structure. Further we investigate some properties of these two
homeomorphisms.
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INTRODUCTION

Levine® in 1970 generalized the concept of closed sets to
generalized closed sets. Bhattacharya and Lahiri®” in 1987
generalized the concept of closed sets to semi-generalized
closed sets with the helps of semi-open sets and obtained
various topological properties. Arya and Nour® in 1990 have
defined generalized semi-open sets with the help of semi-
openness and use them to obtain some characterizations of s
normal spaces. Devi, Balachandran and Maki®™? in 1995
defined two new classes of maps called semi-generalized
homeomorphisms and generalized semi-homeomorphisms
and also defined two new classes of maps caled sgc-
homeomorphisms and gsc-homeomorphisms. Ahmed and
Narli® in 2007 defined two new classes of maps called gsg-
homeomorphisms and sgs-homeomorphisms. Garg, Chauhan
and Agarwa ™ in 2007 introduced two new classes of maps
namely gaf—homeomorphisms and wygs-homeomorphisms.
Garg et a.®® again in 2007 introduced two new classes of
maps caled sgy-homeomorphisms and WSg-
homeomorphisms. Manoj and Shikha™® in 2007 introduced

99S_ang 99 -homeomorphisms. In this paper we introduce
two new classes of maps called S99 -homeomorphisms and

939 -homeomorphisms and then study some of their
properties.

*Corresponding author: Manoj Garg
Department of Mathematics, Nehru P. G. College, Chhibramau,
Kannauj, U.P., India

Throughout the present paper, (X, t) and (Y, o) denote
topological spaces on which no separation axioms are
assumed unless explicitly stated. For a subset A of a
topological space (X, 1) the cl(A), int(A) and A® denote the
closure of A, the interior of A and the complement of A in X
respectively.

Preliminaries
In this section we recall the following definitions.

Definition 2.01: A subset A of a topological space (X, 1) is
called semi-open® (resp. semi-closed) if A < cl(int(A)) (resp.
int(cl(A)) < A). Every closed (resp. open) set is semi-closed
(resp. semi-open).

Definition 2.02: A subset A of a topological space (X, 1) is
called semi-generalized closed” (briefly sg-closed) if
scl(A) cU whenever A < U and U is semi-open. The
complement of sg-closed set is called sg-open set. Every
semi-closed set is sg-closed set. The family of all sg-closed
sets of any topological space (X, t) is denoted by sgc (X, 7).

Definition 2.03: A subset A of a topological space (X, 1) is
caled generalized semi closed® (briefly gs-closed) if
scl(A) < U whenever A < U and U is open. The complement
of gs-closed set is caled gs-open set. Every closed (semi-
closed, g-closed and sg-closed) set is gs-closed set. The
family of all gs-closed sets of any topological space (X, 1) is
denoted by gsc (X, 7).

Definition 2.04: A subset A of a topological space (X, 1) is
called y-closed® if scl(A) = U whenever A = U and U is sg-
open. The complement of y-closed set is called y-open set.
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Every closed (semi-closed) set is y-closed set and every -
closed set is sg-closed (gs-closed) set. The family of al -
closed sets of any topological space (X, 1) is denoted by yc
(X, 7).

Definition 2.05: A subset A of a topological space (X, 1) is

A

called 9-closed™ if cl(A) = U whenever A = U and U is
semi-open. The complement of 9 closed set is called 9-

open set. Every closed set is 9 closed set and every 9.
closed set is y-closed (sg-closed, gs-closed, g-closed) set. The

family of all g—closzed sets of any topological space (X, 1) is
denoted by J¢ (X, 7).

Definition 2.06: A map f : (X, 1) > (Y, o) is caled semi-
closed map® (resp. sg-closed map™?, gs-closed map™, -

closed map®®, 9 _closed map™™) if the image of each closed
set in (X, 1) is semi-closed set (resp. sg-closed set, gs-closed

set, y-closed set, g -closed set) in (Y, ©). Every closed map is
semi-closed map. Every semi-closed map is y-closed map.
Every y-closed map is sg-closed map, every sg-closed map is

gs-closed map and every g—closned map is y-closed map (sg-
closed map, gs-closed map, g-closed map).

Definition 2.07 : A map f : (X, 1) — (y, o) is called 9-
continuous™ (resp. -continuous'™®, sg-continuous”, gs-
continuous'™?, y-irresolute™?, sg-irresolute’®, gs-irresolute?,

gsg-irresolute™,  sgs-irresolute™, gsy—irresolute™, ygs-
iresolute™,  sgy—irresolute™®,  ysgrirresolute™, 9.

iresolute™, 99 .irresolute®®, 999 Lirresolute™) if the
inverse image of every closed (resp. closed, closed, closed,
y—closed, sg-closed, gs-closed, gs-closed, sg-closed, gs

closed, y-closed, sg-closed, w-closed, g—closed, g—closned,

gs-closed) set in (Y, o) is g—closned (resp. y-closed, sg-
closed, gs-closed, y-closed, sg-closed, gs-closed, sg-closed,

gs-closed, wy-closed, gs-closed, w-closed, sg-closed, g.
closed, gs-closed, 9 -closed) set in (X, 7).
Definition 2.08: A bijectivemap f : (X, 1) — (y, o) iscalled:

(i) semi-homeomorphism (B)™ (briefly sh. (B)) if f is
continuous and semi-open map.

(i) (ii) y-homeomorphism™ if f is both y-continuous and
y-0pen map.

(i) 9 -homeomorphism®™ if f is both 9 -continuous and

9 -open map.

(iv) semi-generalized homeomorphism™  (briefly  sg-
homeomorphism) if f is both sg-continuous and sg-
open.

(v) generalized semi-homeomorphism™  (briefly gs-
homeomorphism) if f is both gs-continuous and gs-
open.

(vi) sgc-homeomorphism™ (resp. gsc-homeomorphism™,

v*-homeomorphism?, gc-homeomorphism“‘”, 9sg-
homeomorphism®™,  sgs-homeomorphism™®™,  gsy-
homeomorphism”, ygs- homeomorphism®”, sgy-

homeomorphism®®,  ysg-homeomorphism@®, 99S.
homeomorphism®®, 999 _homeomorphism®) if f and

! are sg-irresolute (resp. gs-irresolute, y-irresolute, g
-irresolute,  gsg-irresolute,  sgs-irresolute,  gsy-
irresolute, ygs-irresolute, sgy-irresolute, ysg-irresolte,

ggs-i rresolute, 9 -irresolute).
Definition 2.09: A space (X, 1) is called Ty,-space® (resp.
To-space™®, Tb—space(l"')) if every g-closed set (resp. gs-

closed set, gs-closed set) is closed set (resp. closed set, g.
closed set).

Proposition 2.10: In a Ty,-space every gs-closed set is semi-
closed set [10].

SGG 4 omeomor phisms

In this section we introduce o9 -homeomorphisms and then

investigate the group structure of the set of all 959
homeomorphisms.

Definition 3.01: A map f: (X, ©) - (Y, o) is caled a “99-

irresolute map if the set f (A) is 9 closed in (X, ) for every
sg-closed set A of (Y, o).

Definition 3.02: A bijection f: (X, 1) > (Y, o) is called a
Sg(::j -homeomorphisms if the function f and the inverse
function f* are both Sg(::j -irresolute maps. If there exists a
Sg@ -homeomorphism from X to Y, then the spaces (X, 1)
and (Y, o) are called Sg@ -homeomorphic. The family of all
Sg@ -homeomorphism of any topological space (X, 1) is
denoted by S99 n(x, 7).

Remark 3.03: The following examples show that the concepts

of  homeomorphism and Sgg—homeomorphism are
independent of each other.

Example 3.04: Let X ={a, b, ¢} and t ={¢, {&}, {a b}, X}.
Define f : (X, 1) = (X, ©) by identity mapping then f is a

homeomorphism but not a S99 -homeomorphism for f and f*

are not S99 -irresolute maps.

Example 3.05: Let X =Y ={a b, ¢}, t ={¢, {&, {b.c}, X}
and o = {¢, Y}. Definef: (X, 1) — (Y, o) by identity mapping

then f is S99 -homeomorphism but not homeomorphism.
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Proposition 3.06: Every S99 -homeomorphism is (i) sgc-
homeomorphism (i) gc— homeomorphism (i) y*-
homeomorphism (iv) sgy—homeomorphism (v) wysg-
homeomorphism  (vi) ggs-homeomorphi sm (vii) sgs
homeomorphism (viii) ygs-homeomorphism.

The converse of the above proposition is not true as at it can
be seen from the following exampl es.

Example 3.07: Let X =Y ={a b, ¢}, t={d, {a}, {a b}, X}
ando = {9, {a}, {a b},{a c}, Y}. Definef: (X, 1) > (Y, 0)
by identity mapping then f is sgc-homeomorphism but not

S99 -homeomorphism for f is not S99 irresolute map.

Example3.08: Let X =Y ={a b, c, d}, t={¢,{a,{a b, c},
X} and o ={¢, {&}, {a b}, {a b, ¢}, Y}. Define f: (X, 1) >

(Y, o) by identity mapping then f is gC-homeomorphism but

not 99 -homeomorphism for f and f* both are not S99
irresolute maps.

Example 3.09: In example (3.07), f is y*-homeomorphism
but not Sg@ -homeomorphism.

Example 3.10: Let X =Y ={a b, ¢}, t= {9, {a}, {a b}, {a
ct, X} and o ={¢, {a}, Y}. Define f : (X, 1) > (Y, o) by
identity mapping then f is sgy-homeomorphism but not Sg@ -
homeomorphism for f* is not Sg@ -irresolute map.

Example3.11: Let X =Y ={a b, ¢}, t={¢, X} and 6 = {9,
{a b}, Y}. Definef: (X, t) > (Y, o) by identity mapping then
f is ysg-homeomorphism but not Let X =Y = {a b, c},
t={¢, X} and o ={¢, {a b}, Y}. Definef: (X, 1) - (Y, o)
by identity mapping then f is sg-homeomorphism but not

S99 -homeomorphism for f*is not S99 -irresolute map.

Example3.12: Let X =Y ={a b, c,d}, 1= {¢, {a},{a b, c},

X} and o = {¢, {&}, {b}, {a b}, {a d}, {a b, c}, {a b, d},
Y} Define f: (X, 1) = (Y, o) by |dent|ty mapping then f is

ggS homeomorph|sm but not Sgg -homeomorphism for f is
not Sgg -irresolute map.

Example 3.13: In example (3.10),

map f is sgs
homeomorphism but not Sgg-homeomorphism for f* is not
S99 -irresolute map.

Example3.14: Let X =Y ={a, b, ¢, d}, t={¢, {&, {b},{a
b}, {a d},{a b, c}, {a b d}, X} and o = {¢, {a}, {a b}, {a
b, c}, Y}. Definef : (X, 1) = (Y, o) by identity mapping then
f is ygs-homeomorphism but not S99 -homeomorphism for f

and f* are not 99 _irresolute map.
Proposition 3.15: Every 9 -homeomorphism is S99
homeomorphism.

The converse of the above proposition is not true as it can be
seen from the following example.

Example 3.16: Let X ={a, b, ¢, d} and 1= {¢, {&,{a b, ¢},
X}. Define f: (X, 1) > (X, 1) by |dent|ty mapping then f is

Sgg homeomorph|sm but not gsg -homeomorphism f and

for f* are not gsg -irresolute maps.

Remark 3.17: S99 -homeomorphism is independent form
gsy-homeomorphism as it can be seen from the following
example.

Example 3.18: In example (3.05), map f is S99
homeomorphism but not gs -homeomorphism.

Example 3.19: Let X ={a, b, c} and t = {¢, {&}, {c}, {a c},
X}. Define f: (X, 1) = (Y, o) by identity mapping then f is

gsy-homeomorphism but not S99 -homeomorphism.

Remark 3.20: gc-homeomorphism, gsc-homeomorphism and

gsg-homeomorphism  are  not necessarily S99
homeomorphism as it can be seen from the following
examples.

Example 3.21: Let X ={a, b, c} and = {¢, {a}, {a b}, X}.
Define f: (X, 1) = (Y, o) by identity mapping then f is gc-
homeomorphism but not S99 -homeomorphism.

Example3.22: Let X =Y ={a b, ¢}, t={¢, {a, {a b}, X}
and o = {9, {a}, {b}, {a b}, {a c}, Y}. Define f : (X, 1) >
(Y, o) by identity mapping then f is gsc-homeomorphism but

not 589 -homeomorphism.

Example 3.23: Let X ={a, b, ¢, d} and t = {¢, {a}, {b}, {a,
b}, {a d}, {a b, c}, {a b, d}, X}. Define f: (X, 1) —> (X, 1)
by identity mapping then f is gsg-homeomorphism but not

S99 -homeomorphism.

—>

Proposition 3.24: Every gsg (sgs)-homeomorphism from P -
space onto itself is Sg@ -homeomorphism.

Proposiion 325 If f (X, 1 (Y.0) is S99
homeomorphism then every sgc( gc)—homeomorphism from
XtoYis (::]C (sgc)-homeomorphism.

Proposition 3.26: If f: (X, 1) > (Y,0) and g : (Y, 0)—>
(Z,m) are Sg@ -homeomorphism then their composition gof :
X,1) > (Z,n) isdso Sg@ -homeomorphism.

Theorem 3.27: If Sg@ h(X, 1) is non-empty then the set Sg@
h(X, 1) isagroup under the composition of maps.

2545
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Theorem 328: If f: (X, 19> (Y, o) be a 9.
homeomorphism then f induces and isomorphism from the

group S99 h(X, 1) onto the group S99 h(Y, o).
Theorem 3.20: 99 -homeomorphism is an equivalence
relation in the collection of al topological spaces.

Proof: Reflexivity and symmetry are immediate and
trangitivity followed from proposition (3.26).

GSG 4 omeomor phisms

In this section we introduce 99 -homeomorphism and
investigate its properties.

Definition 4.01: A map f: (X, ©) - (Y, o) is caled 9%9-
irresolute map is the set f (A) is sg-closed in (X, ) for every

g—closed set A of (Y, o).

Definition 4.02: A bijection f : (X, 1) > (Y, o) is cdled a
(::]Sg -homeomorphism if the function f and the inverse
function f * are both @Sg -irresolute maps. If there exists a

9 -homeomorphism from X to Y, then the spaces (X, 1)
and (Y, c) arecaled 99 -homeomorphic.

The family of all 9 -homeomorphism of any topological
space is denoted by 989, (X, 7).

A

Proposition 4.03: Every sgc- homeomorphism is 90
homeomorphism.

Proposition 4.04: Every (i) gc-homeomorphism (i1) gso-
homeomorphism  (iii)  y*-homeomorphism (iv) wysg-
homeomorphism  (v)  sgy-homeomorphism  (vi)  gsy-

homeomorphism (vii) 99 -homeomorphism (viii) S99
homeomorphismis 90 homeomorphism.

The following examples show that the converse of the above
proposition is not true.

Example4.05: Let X =Y ={a b, c},t={¢, {a, {a b}, {a
ct, X} and o={¢, {a}, Y}. Definef: (X, 1) > (Y, o) by

identity mapping then f is 9 -homeomorphism but not gc.
homeomorphism .

Example 4.06: In example (3.07), map f is 959
homeomorphism but not gsg-homeomorphism.

Example 4.07: In example (3.05), map f is 959
homeomorphism but not y*-homeomorphism for f* is not a
-irresolute map.

Example 4.08: Let X = {a b, c},t={¢, {&, {a b}, X}.

Define f: (X, ©) — (X, 7) by identity mapping then f is 959
homeomorphism but not  sg-homeomorphism for f and f*
arenot sg-irresolute maps.

Example 4.09: Let X ={a, b, c} and t = {9, {&}, {b, c}, X}.

Define f: (X, ©) — (X, 7) by identity mapping then f is 959
homeomorphism but not sgy-homeomorphism for f and f*
are not sg  -irresolute maps.

Example 4.10: In example (4.07), map f is 959
homeomorphism but not gsy-homeomorphism for f is not
gs -irresolute map.

Example 4.11: Let X =Y ={a b, ¢}, t={¢, {a&, X} and
c=1{¢, {a&, {a b}, Y}. Definef: (X, 1) > (Y, o) by identity

mapping then f is 99 -homeomorphism but not 90
homeomorphism.

Example 4.12: In example (3.11), map f is 959

homeomorphism but not S99 -homeomorphism.

Proposition 4.13: Every 90 homeomorphism is g6s.
homeomorphism.

The converse of the above proposition is not true as it can be
seen from the following example.

Example4.14: Let X =Y ={a b, c}, 1= {¢, {a}, {a b}, X}
and o = {9, {a b}, Y}. Define f: (X, t) - (Y, o) by identity

mapping then f is ggs-homeomorphism but not 959
homeomorphism for f is not 99 -irresolute map.
Remark 4.15: 959 homeomorphism is independent form gc-

homeomorphism gsc-homeomorphism as it can be seen from
the following examples.

Example 4.16: In example (3.07), map f is 959
homeomorphism but not gc-homeomorphism.

Example4.17: Let X =Y ={a b, c}, t={¢, {a}, {b}, {a b},
X} and o ={¢, {a}, {a b}, Y}. Define f: (X, t) —> (Y, o) by

identity mapping then f is gc-homeomorphism but not 90

homeomorphism for f* is not 9 -irresolute map.

Example 4.18: In example (4.11), map f is 9.
homeomorphism but not gsc-homeomorphism.

map f

homeomorphism but not 99 -homeomorphism.

Example 4.19: In example (4.22), is gsc-
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Remark 4.20: sgs-homeomorphism and ygs-homeomorphism 8. S. P. Aryaand N. Tour: Characterizations of s-normal

_ @Sg ) _ spaces, Indian J. Pure Applied Math., 21(8) (1990),
are not necessarily -homeomorphism as it can be seen 717-719.
from the following example. 9. P. Sundaram, H. Maki, K. Baachandran.: Semi
Example 4.21: In example (3.22), map f is sgs generalized continuous maps and semi-Ty, Spaces,

~ Bull. Fukuoka Univ. Ed. Part-111, 40(1991), 33-40.
homeomorphism and ygs-homeomorphism but not 90
homeomorphism.
All the above discussion of section (3) and (4) can be
summarized by the following diagram.
sgc-homeomorphism sg\u homeomorphlsm gsc-homeomorphism
gsg—homeormrphlsm—> 99— homeomorphisMe—— gsy- phism

LN

>(mmeormrph sm

dos— homeomorphisme——gsy— mmeormrph|sm— 059 — homeomorphism

N

sg&homeomorpl’ns*m—|—>\usgrhormormrphlsn—> wgsrhormomorphlsn

Diagram (4.24)

Where A — B (resp. A = B) represents A implies B but not conversdly

(rexp. A and B areindependent).

Theorem 4.22: Every @Sg -homeomorphism from a Ty-space
onto itself is a homeomorphism..

Theorem 4.23 : Every (SQ-homeomorphism from a -T-b'

space onto itself is a SgJ -homeomorphism.
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