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INTRODUCTION
As for the region containing all the zeros of a polynomial with real monotonically decreasing positive coefficients, Enestrom and
kakeya proved the following elegant result known as the Enestrom-K akeya Theorem [3,4]:

n .
Theorem A: all the zeros of apolynomial P(z) = Zaj z! stisfying @, > @, ; > ....... >a, > a, > 0liein |Z| <1

j=0
Various generalizations and extensions of this result are available in the literature. Recently Gulzar [2] proved the following
result:

j=0
that forsome | ,m0<| <n-10<m<n-1
and for some k;, Kk, >1,

k" "a,>k"a,  >...2k’a, , >ka,,

k,"™b, >k, >....2k’b_>k,b_,
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Then all the zeros of P(z) liein
(-, +itk, Db, | 1
3, o

— (K, —1)|an|—(k2 —1)|bn|+ L+M-a, —b_].

[a,+b, +(k 1)2(\a [+a;)-(, -DY (b;|+b))

MAIN RESULTS

In this paper we prove the following result:

n
Theorem 1: Let P(2) = Zaj Z' be a polynomia of degree N with Re(a;)=a,,Im(a;)=b,,j=012,....,n such
-0

that forsome | ,m0<| <n-10<m<n-1
and for some ki,k2 <1,

k" "a, <k"a ,<...<k’a,,<ka,,
k,"™b, <k," ™, , <....<k,’b_ <k,b_,
and
&, —a, |+, 4 —ay |+ a o/ +[a |
b |+[b | T ovees By = b+ [bg|

Then all the zeros of P(z) liein

_(@-k)a, +il-k,)b,
a

< [aI +b,-(ka,+k,b,)+L+M

n

+(1- k)Z(a +a,)+@- k)Z(b +o, 1.

j=l +1

Further the number of zeros of P(z) in @ < |Z| < B,C >1,R>1 does not exceed 1 | 0g |a0| - log(1+ L)
X c log |a0| logc |

and the number of zeros of P(2) in @ < |Z| < B,C >1,R<1 does not exceed 1 |Og |a0| _ 1 |Og(1+i),
Y c I la,|]  logc |

where R is any positive number and

=[a,[R™+R"[a, +b, - (a,+b,)+(@-k,) Zn:(\aj\Jraj)

j=l +1

+(1—k2)zn“(\b,.\+bj)], R>1

=la,[R™ +Ra, +b,—(a,+b,)+@1-k;) i(\aj\Jraj)

j=l+1
n
+(1-k;) Y (b;|+b)] R<1L.
j=m+1l
For different values of the parametersin Theorem 1, we get different interesting results. For example, for
k, = k, =1, Theorem 1 gives the following result:

n

Corollary 1: Let P(2) = Zasz be a polynomial of degree n with Re(a;)=a,Im(a;)=b,, j=012,.....,n such
i=0

that forsome | ,MO<| <n-10<m<n-1,
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angan—l— —al+1—aI’

b, <b. , <..<b _<b.

and

L:|a| -a, 1|+|aI -4, 2|+ ...... +|a1 a0|+|a0|

Then all the zeros of P(2) liein

|z|£ﬁ[aI +b,-(@,+b,)+L+M].
an
X+
Further the number of zeros of P(z) in @S |Z| < B,C >1,R>1 does not exceed log |a0| = ! |Og(1+i)
X c logc la,]  logc |
Y +
and the number of zeros of P(z) in mé |Z| SB,C>1, R <1 does not exceed log |a0| = 1 |0g(1+i),
Y c logc la,|  logc EN
where R is any positive number and
X =[a |[R"™+R"[a, +b,—(a,+b,)+L+M] , Rx1
Y=[a,|R"+Ra, +b,—(a,+b,)+L+M]  R<
Taking | = m= 0 in Theorem 1, we get the following result:
Corollary 2: Let P(2) = Zajzj be a polynomial of degree n with Re(a;) =a;,Im(a;)=b,,j=0.12,....,n such
j=0
that for someO0 < k;,k, <1,
k'a, <k"'a, <...<ka,<a,,
k,"b, <k, ‘b, <....<k,b,_<b,.
Then all the zeros of P(z) liein
1-k)a, +i(l-k,)b
z- Aok ko)) o L b (ka, +kob,) +a| + bl
a, | [al
X+
Further the number of zeros of P(z) in u < |Z| < B,C >1,R>1 does not exceed log |a0| = 1 |Og(1+i)
X c logc la]  logc |
Y +
and the number of zeros of P(2) in @S |Z| SB,C>1, R <1 does not exceed log |a0| _ 1 |Og(1+i),
c logc la,|]  logc |

where R is any positive number and

X =|a |[R™+R"a,+by—(@,+b,)+[ay|+|b[] . R>1
Y =[a,|R™ +Ra,+b,—(@, +b,)+fas|+[b,] R<1.

Lemmas

For the proofs of the above result, we need the following lemmas:

Lemma 1: Let f(z) (not identically zero) be analytic for |Z| <R f(O)#0ad f(a,)=0, k=12,....,n.Then
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1 (2 @l <, R
EL log| f (Re""|dq ~log|  (0)] ]Z_;Iog‘aj‘.

Lemma 2 is the famous Jensen’s Theorem (see page 208 of [1]).

Lemma 2: Let f (2) be analytic for |Z| <R f(0)#0 and |f(Z)| <M for |Z| < R. Then the number of zeros of f(z) in

|Z|<B C>1 doesnot exceed —— l
c Iogc |f(0)|

Lemma 2 isasimple deduction from Lemma 1.

Proof of Theorem 1

Consider the polynomial

F(2=0-2P(2)

=(1-2(a,2"+a,,z2"" +...+a,z2+a,)

=-a,2"+(a,-a,,)2" +..+(a ,,—a )z

+ont (8, —ay)Z2+ @,

n+1l

=-a, 2" -(k,-Da,z"+(ka,-a,,)z"+ka,,—-a,,)z"" +...

| +1

+(a —a,)7

+(ka, ,—a,)z'" '

-k, -D@,,z"" +a, 2" +....ta, ,2')

+i{(k,b, —b, 2" - (k, ~Db, 2" + (k,b, , ~b, )" +.....

(Kb, —b 2™ (K, - (b 2"+t b, 2" 4 (b, — b, )Z"
+ et (b, —by)z+ by}

1 .
For |Z| > 1so that — < Lvj=12,...., N, we have, by using the hypothesis

IF(2) 2]a,z+ (k,—Da, +i(k, ~)b,|2" ~[ka, ~a,.7" +|ka s —a,,]2d"" +.eee
+lka, ., —-a, ||z|'+1+|a ~a, l||z|I ot @, —8,[Z +[a|
| +1

+@-k)(a g ety a4 D H Kb, b kb — b2
et koD =B, [ [y = by |27 by = B2+ [

+ (L= k) (42" + et [ 4]

—|7"l|a,z+ (k, ~Da, +i(k, —Db,|[ka, - n1|+|k1an_1—an_2| k@, , -2,

2 7

e +%+W+(k 1)(| ‘1| ......

2

_ ~b,,|

[ R L SIS AL, B .
4 2 2

b
[0, ~B, |b°| (2—1)(| |”1| ...... +‘ ,m\)]

R 7 i

> |Z|n[|anz+ (kl _1)an +|(k2 _1)bn| _{|k1an _an—l| +|k1a n-1 _an—2| +|k1a n2 " Qpn3
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tont k@, —a [+ —a) [+t —ag A+ Q- k) (@ |+ e
) + koD =By [+ [Koby s = b [+t Kby = B[+ = b
ovnent [0y = D[ B+ A=Ky ) (Dpy |+ oo D )}

=12"a,z+ (k, -Da, +i(k, -)b,|-{a,, —ka, +a,,-ka,,+a,;—ka,,
)+Db,, —K,b,

b, =Koy et D =KD+ M+ (L= KDy |+ e[ )]
=|4"[la,z-{@-k)a, +il-k,)b,}-{a, +b,-(ka, +kb,)+L+M

+(1-k,) nf(a,. +a)+@- kz)lji(bj +o; P}

j=l +1

tota =K@+ L+ A=k (@ [+t

>0
if
la,z—{(1-k)a, +i@-k,)b.}}>a, +b,—(ka, +kb,)+L+M
n-1 n-1
+(1-k) Y@, +a; )+ @-k) Y (b, +b)
j=l +1 j=ml
i.e if
1

‘z— d-kJa, +1d- kz)b“‘ >m[aI +b,—(ka,+kb )+L+M
an an

+ (- kl)i(a,- +a,)+@- kz)i(b; +b .

This shows that those zeros of F(z) whose modulusis greater than 1 liein

‘Z_(l‘kl)an”(l‘kz)b" <1la +b,—(ka, +kb,)+L+M
a, | [a)
n-1 n-1
F-k) Y (@, +a )+ @-k,) X (b, b, DI.
j=l +1 j=mel

Since the zeros of F(z) whose modulusislessthan or equal to 1 aready satisfy the above inequality and since the zeros of P(z)
are also the zeros of F(z) , it followsthat all the zeros of P(2) liein

-k, +il-k)b,| |i
a

[a, +b,,—(ka,+k,b,)+L+M

+(1-k,) E(aj +a,)+@- kz)i(bj +o, 1.

j=l +1
Again
F(2)=a,+G(2),
where

G(2)=-a,z" - (k,-Da,z"+(ka,-a,,)z"+ka,,—-a,,)z"" +...
+(ka,,-a,)z' "

-k, -D@, 2" +a, ,2" "+ ta, ,2' )

+i{(k,b, —b, )z~ (k, ~Db 2"+ (k,b_, —b. )2+ ...

+(kb,, —b)z™ = (k,-D(b, ;2" +.ec+ b, 2™ + (D, — b, ) Z"

+ et (b, —by)Z.

2355



On the location of zeros of polynomials

For|Z|: R,R>0 , wehave

IG(2)| <|a,|R™ + (1-k),|R"+ (@, —ka )R + (@, , —ka, )R +.....
+@, —ka, )R "M+, —a, R +....+[a;—a R
+(@1-k)( o R+, o R 2+t fa) f|R™)
(b, — kb, )R+ (1= k,)[b,[R" + (b, , —k,b, )R +....
+ (0 =KD IR™ 4+ (1=K, ([0 4| R™ e[y [R™) + [0, = by [RT

+(@-k)(@ |+t )+ by koD,
b, =Koy et D Kb+ M+ (L= K ([ [0 )]
= [a,|R™ + R[a, +bm—(an+bn)+(1—kl)Zn:(\aj\+aj)

+@-k) D (b,[+b))]

=X
for R>1 and
for R<1

G(2)| < [a,|R™ + Ra, +bm—(an+bn)+(1—kl)zln:l(‘aj‘+aj)
=T+
+(1—k2)zn“l(\bj\+bj)]
=Y o
Since G(0)=0 and G(2) is analytic for |Z| <R, it follows, by Schwarz Lemma, that for |Z| <R,
G(2)| < X|7 for R=1and |G(2)| <Y|Z for R<1.
Hence, for|Z| <R,R2>1

F(2)|=|a, +G(2)

> [ay| -[G(2)
2 fa - X2
>0
if
|z|<m .
X

Similarly, for| <R, R<1,|F(2)|>0 if |z|<|?(';|.
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In other words, F(z) does not vanish in |Z| < % for R>1 and F(z) does not vanish in |Z| < |ii| for R<1in |Z| <R.That

2|

means all the zeros of F(z) and hence all the zeros of P(z) liein |Z| > for R>1 andin |Z| > 2 that for R<1in |Z| <R

[ao|
X

éincefor |Z|£ R, |F(Z)| <X +|a0| for R>1 and |F(Z)| SY+|a0| for R<1and since

F(0) =a, # 0, it follows by Lemma 2 that the number of zeros of P(z) in %S |Z| < B,C >1,R>1 does not exceed
1 log X +|a0| = ! |Og(1+i) and the number of zeros of P(z) in |a0| < |Z| <— ,€>1 R<1 does not exceed
logc la,]  logc | c
! IogYJrlaol = 1 Iog(1+i).
logc la,|  logc |

That proves Theorem 1 completely.
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